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1 Introduction

Given a set of labelled examples, the aim of a classification problem is to assign a label to each
new instance. The effectiveness of the classification is related to many factors, such as the
quality of the data. The Feature Selection problem can be considered to remove redundant and
irrelevant information from these data. The aim of feature selection applied to classification
problems is to determine the subset of features with which classification achieves the highest
effectiveness. Since the feature selection problem is an NP -hard optimization problem [5], for
real-world data with high dimensionality, heuristics algorithms are used. Feature selection can
be categorized into two approaches: the filter and wrapper models [5]. The filter approach
selects the features without involving any learning algorithm. The wrapper model considers
a predetermined learning algorithm (or classifier) to evaluate the features and determine the
subset to be selected.

Variable Neighborhood Search (VNS) [3] is a recent metaheuristic for solving combinatorial
and global optimization problems based upon a simple principle: systematic changes of neigh-
borhood within the search. When a local minimum is reached, a shake procedure performs a
random search. This determines a new starting point for running an improvement method.
The process iterates until a stopping criterium is met.

This paper presents a new filter-based VNS metaheuristic, which makes use of the symmet-
rical uncertainty (SU) [9] measure to guide the search. The rest of the abstract is organized
as follows. Next section provides a formal description of feature selection in classification
and presents the filter approach. Section 3 summarises the proposed VNS. Finally, section 4
reports the computational results and conclusions.
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2 Related Work

The feature space is represented by X = {Xj : j = 1, . . . , d}, where d is the dimension of X. A
dataset is denoted as A and each data object is called example if label is known and instance
otherwise. The set of examples is called training set T and the set of instances, test set V .
Then, given the training set T , the aim of the classification task is to assign a label to each
instance from the test set V .

Several classifiers have been proposed in the literature to carry out the classification task.
A widely used classifier is Naive Bayes [8]. The Naive Bayes classifier consists of estimate a
posteriori probabilities of all possible classifications and assigning the label with the highest
probability. The Bayes theorem is used to estimate these probabilities. Two well known
filter approaches are Relief [4] and FOCUS [1]. Relief assigns a relevance weight to each
feature and searches for all the relevant features. FOCUS exhaustively examines all subsets
of features, selecting the minimal subset of features sufficient to determine the label of all
examples.

The proposed filter-based Variable Neighborhood Search method is based on the fact that
a good feature subset has to contain features highly correlated to the class and uncorrelated to
each other. Then, a feature is considered as good if it is highly correlated to the class but not
highly correlated to any of the other features in the subset. In order to measure the correlation
between features, it is possible to use measures based either on the classical linear correlation
or on information theory. Several advantages and disadvantages of these two approaches have
been discussed in [9]. The proposed VNS uses the symmetrical uncertainty (SU) correlation
measure between features X and Y , which is defined in the following way. Let P (xi) be the
prior probabilities for all values of X, and P (xi|yj) be the posterior probabilities of X given
the values of Y . Then the symmetrical uncertainty is stated as follows.

SU(X,Y ) = 2
[

IG(X|Y )
H(X) + H(Y )

]
, IG(X|Y ) = H(X)−H(X|Y )

where H(X) is the entropy of a variable X, H(X|Y ) is the entropy of X after observing values
of Y and IG(X|Y ) is the information gain [7].

3 Filter-based Variable Neighborhood Search

Variable Neighborhood Search (VNS) [3] is a recent metaheuristic for solving combinatorial
and global optimization problems based upon the simple principle of systematically changing
the neighborhoods within the search. Let Nk, (k = 1, . . . , kmax) be a finite set of neigh-
borhood structures, and Nk(S) be the set of solutions in the kth neighborhood of a solu-
tion S. Neighborhoods Nk may be induced from metric functions introduced into a solution
space Z. If d(., .) is this distance then take increasing values dk, k = 1, ..., kmax and set
Nk(S) = {S′ ∈ Z : d(S, S′) ≤ dk}. Most local search heuristics use only one neighborhood
structure N . Therefore a series of nested neighborhoods are obtained from a single neighbor-
hood by taking N1(S) = N (S) and Nk+1(S) = N (Nk(S)), for every solution S. This means
that a move to the k-th neighborhood is performed by repeating k times a move into the
original neighborhood. A solution S′ ∈ Z is a local minimum with respect to Nk if there is no
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Initialization.

Find an initial solution S.

Select the set of neighborhood structures Nk, for k = 1, . . . , kmax.

Choose a stopping condition.

Iterations.

Repeat the following sequence until the stopping condition is met:

(1) Set k ← 1.

(2) Repeat the following steps until k = kmax:

(a) Shaking.

Generate a point S′ at random from the kth neighborhood of S (S′ ∈ Nk(S)).

(b) Improvement method.
Apply some improvement method with S′ as initial solution; denote as S′′ the obtained
solution.

(c) Move decision.
If this solution is better than the incumbent, then S ← S′′, and k ← 1; otherwise, set
k ← k + 1. Goto (a).

Figure 1: Basic Variable Neighborhood Search.

solution S ∈ Nk(S′) ⊆ Z better than S′ (i.e., such that f(S) < f(S′) where f is the objective
function of the problem).

The Basic Variable Neighborhood Search (BVNS) method uses deterministic changes in
the neighborhood structure for perturbation or shaking. Its steps are given in Figure 1. The
stopping condition may be the maximum cpu time allowed, the maximum number of iterations,
or the maximum number of iterations between two improvements.

Given a solution S, we denote by S to the set of features not belonging to the solution S.

• Initialization. In order to perform the initialization step of the metaheuristic, the proce-
dure that generates the initial solution and the neighborhood structure must be defined.
Initial solution

1. Select at random an integer value, r, between bαd/ log2 dc and bd/ log2 dc with d
the number of features and α a parameter fixed by the user.

2. Initialize the solution S = Ø;

3. For each feature Xj , calculate its symmetrical uncertainty with respect to the class
feature, C, denoted by SU(Xj , C).

4. Add to S the r features with the highest values of symmetrical uncertainty.

The kth neighborhood of the solution S, Nk(S), consists of all the solutions that can
be reached from S by exchanging k features in the solution with k features out of the
solution, adding k features to the solution or removing k features from the solution.

• Shaking. This procedure generates a solution S′ at random from the kth neighborhood
of S (S′ ∈ Nk(S)). If the number or features in the solution is smaller than k then S′

is constructed by adding k features in S to S; if |S| and |S| are both greater than k,
then the new trial solution is obtained by exchanging k features of S by k features of
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S; otherwise, S′ results from removing k features of S. In these three cases the features
added, removed or exchanged are selected at random.

• Improvement method. The improvement step is performed on the current solution S
following both a removing phase and an adding phase described below, after obtaining
several threshold values.

1. Thresholds. This phase consists of calculating thresholds and measures to decide the
features that have to be removed and added. These values are obtained considering
the initial solution S and are not updated along the improvement process.
For each feature Xi ∈ S′ and Xi ∈ S′, we calculate the values mi and mi, respec-
tively

mi = max
Xj∈S′,Xj 6=Xi

SU(Xi, Xj) mi = max
Xj∈S′

SU(Xi, Xj)

Let λS′ be the threshold that allows us to determine the features to be removed from
the solution. Let λS′ be the threshold that allows us to determine the candidate
features to be added to the solution. Given the fixed values λ1 and λ2, λS′ and λS′
are defined as

λS′ = λ1 max
Xi∈S′

mi λS′ = λ2 max
Xi∈S′

mi

Let S′R be the set of features, Xi ∈ S′, that satisfy the following rule

mi > max{λS′ , SU(Xi, C)}

and let S′A be the set of features, Xi ∈ S′, such that

mi < λS′

2. Removing phase. Let S′′ = S′ \ S′R be the solution obtained from S′ by removing
the features in S′R.

3. Adding phase. With the purpose of choosing the features in S′A to be added to the
solution in this phase, we calculate the maximum symmetrical uncertainty value
between each feature in S′′ and the class feature that is defined as

MS′′ = max
Xi∈S′′

SU(Xi, C)

Then a candidate feature Xi ∈ S′A is included in S′′ if it satisfies the following rule.

SU(Xi, C) > MS′′

If this rule is satisfied, then S′′ = S′′
⋃{Xi}, the value MS′′ is updated and repeat

this process for all the features in S′A.

• Move decision In order to evaluate the goodness of a solution S, we use the correlation
measure given by the equation 1 proposed in [2].

GS =
|S| < SU(X,C) >√|S|+ |S|(|S| − 1) < SU(X, X) >

(1)

Then the process moves to solution S′′ if GS′′ > GS′ .
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4 Computational experience

The aim objective of our computational experience was to corroborate that the VNS is able
to reach a good subset of features to perform the classification task either by itself or as a
starting point to get a higher set of features. With this purpose, the computational experience
was carried out in two phases. In the first phase, we compare the accuracy percentages and
the number of features obtained by both VNS and VNS with a post-processing step (VNS-
CFS). This last procedure consists of applying CFS to the solution given by the VNS. CFS
(Correlation-based Feature Selection) evaluates the merit of the subset of features applying
the equation 1 and uses a heuristic to include locally predictive features and avoid the re-
introduction of redundancy (see [2]). This experiment is performed on several artificial data
sets, for which the set of relevant features is known. The results obtained in this phase are
summarized in table 1. In the second phase, we compare the VNS-CF with the filter algorithm
CFS-SF. CFS-SF starts with an empty subset of features and at each step, it adds to the subset
the feature that maximizes the value GS given by the equation 1. This process is iterated until
no improvement is possible. The results obtained in this phase are summarized in table 1, that
reports real-world data sets. We implemented our filter-based Variable Neighborhood Search
and used the algorithms CFS and CFS-SF provided by the Weka learning project [8].

Tables 1 and 2 report the values F , C and I for each data set that give the number of
features, instances and classes respectively. The four rows reported for each algorithm in
both tables summarizes the 5×2 cross-validation accuracy percentage, its standard deviation,
the average number of features and its standard deviation. The data sets considered in our
computational experiments were obtained from the UCI repository [6], from which full docu-
mentation about all data sets can be obtained. VNS parameters considered were kmax = 4,
λ1 = λ and λ2 = 1− λ.

For the first experiment with artificial data sets, we found that for four data sets (monks-1,
monks-2, monks-3 and tic-tac-toe) the VNS is able to obtain a set of features with which the
accuracy percentages are similar to those obtained by VNS-CFS. Then the post-processing
step based on CFS is not able to significantly increase the accuracy percentages by adding
new features to the subset provided by the VNS. On the other hand, for data sets led24 and
led7, the VNS does not present a good behavior, since several highly correlated features are
required to obtain good accuracy percentages.

The results summarized in table 2 corroborate the effectiveness of the proposed VNS-CFS
since it reaches a significantly smaller subset of features than the CFS-SF with similar accuracy
percentages for most data sets.
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