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Resumen

A new category of Tabu search, Chain-interchange heuristic method is
proposed in this paper. It can be viewed as a Tabu search method adopt-
ed for a large class of problems, as well as extended interchange heuristic
method. Instead of interchanging two solution attributes in order to generate
a set of neighbourhood of a current solution, we interchange positions of four
attributes. This simple extension of the well known descent local search 1-
interchange method allows us to obtain an efficient descent-ascent local search
heuristic. Thus, our move could be easily augmented in any problem where
Interchange heuristic has been used, now with property of escaping from local
optima trap. Some location-allocation problems that could be solved by the
same chain-interchange algorithm only by changing objective function are list-
ed. Moreover, most of the problems listed are for the first time suggested to
be solved by Tabu Search. Computer results are reported.
Keywords: tabu search, chain-interchange, location-allocation.



1. Introduction

A new category of Tabu search heuristics, Chain-interchange method for
solving combinatorial optimization problems is proposed. It could be seen as a Tabu
search method adopted for a large class of problems, as well as extended interchange
heuristic.

Tabu search (TS) was introduced by Glover (1986) and independently by
Hansen (1986) (under the name Steepest Ascent Mildest Descent) as a meta-heuristic
designed to achieve a global optimum to combinatorial optimization problems. TS
belongs to a class of Local Search Heuristic Methods, or more specifically to a class
of Descent - Ascent Methods [14]. The major components include a short - term
memory process which is the core component of the search procedure, an intermedi-
ate memory process for regionally intensifying the search, and a long - term memory
process for globally diversifying the search. The short - term memory process is im-
plemented through a set of tabu conditions and the associated aspiration criteria.
The idea is to prevent cycling in descent-ascent process by avoiding reversal or repe-
tition of previously visited solutions. Intermediate and long-term memory processes
are performed by restricting the search to a special subregion and by inducing the
search to a new subregion of the solution space. TS has already been applied to
an increasingly wide spectrum of problems. For a survey of a variety of successful
applications, see [9], [10] and [11] .

Tabu Search application papers have usually contained the authors sugges-
tions on how to answer the following problem specific questions: What neighbour-
hood structure is used in the search? How short, intermediate and long-term memory
processes for a given optimization problem are defined? What TS rules among many
could be used?, etc. Hence, on one side there are metaheuristic rules (strategical and
tactical), but on another there are problems with their specific features. As there are
so many possible answers on all these questions, no two authors would make use of
the same TS method in solving the same problem. As a result, several TS algorithms
could be designed in solving the same combinatorial optimization problem. In our
opinion, the preceeding facts suggest a possible new approach in the classification of
TS methods into a few groups according to specific criteria.

It can be seen, according to TS application papers, that there are many dif-
ferent problems that use the same move (or neighbourhood structure) or the same



combination of moves in the local search process. For example, the 1-interchange
(or swap) move has successfully been applied in solving general fixed charge prob-
lems ([32]), pipe-line design problems ([12]), k-cardinality tree problems ([18]), k-
cardinality subgraph problems ([24]), etc. These examples show that local search
logic can bring together problems that do not have similar mathematical program-
ming models. They all have a set of neighbourhood points obtained in the same way:
Any element removed from the set that represents a solution can be replaced by each
another element not in the current solution. A similar conclusion holds for insertion
and for add/drop moves, for example. The combination of add/drop and 1-interchange
moves has been applied in solving p-median and simple plant location problems ([16]),
multicommodity location-allocation with balancing requirements ([4]), etc. Thus, a
neighbourhood structure is suggested as a key for the classification of TS methods.
In this paper we have two objectives:

Firstly, to initiate a different approach in applied Tabu Search by finding a class
of optimization problems that could be solved by using the same TS memory
processes, i.e., the same data structure. Our approach is based on the fact that
there are more optimization problems that could be solved by TS than data
structures developed for solving them in an efficient way. This approach allows
us to solve a large class of optimization problems by changing the subroutine
that evaluates objective function value only.

Secondly, to introduce the chain-interchange move, which is an extension of
the well-known 1 − interchange move. Instead of interchanging one solution
attribute that is in the solution with one that is not, we interchange four
attributes. In that way TS recency-based memory is easily obtained, i.e., the
possibility of getting out from the local optima trap can be achieved without ad-
ditional efforts. Moreover, the chain-interchange move connects the descent In-
terchange heuristic method and the descent-ascent TS method. In other words,
numerous problems that have been solved by Interchange heuristic before, now
can be solved by basic TS, using almost the same code.

The Chain-Interchange TS method (CITS) is the proposed new category
of TS methods that use the chain-interchange move. It satisfies both our objectives
above and has the following basic properties: (i) it makes a move at each iteration
to the best neighbouring solution, even if it is not better than the current solution



in order to avoid local optima trap; (ii) two waiting (tabu) lists are introduced to
prevent cycling. The lists consist of elements waiting to go out of the solution and to
go into the solution respectively; (iii) bring into the solution an element which has
been out of the solution for the largest amount of iterations. As a result, searches
can be induced to a new regions of the solution space.

In the next section, some problems that could be solved by 1-interchange and
thus by Chain-Interchange TS method (CITS), are given. Our list of applications
is meant to be illustrative, not exhaustive. In the same section the formulation of
p-facility location-allocation problem is given because of the following reasons: a
detailed pseudo-code of algorithm (in Section 3) is explained in terms of location-
allocation; computer experience will be reported (in Section 4) for p-median problem
only; previously, TS was not recommended as a means of solving p-facility location-
allocation problems. Section 5 concludes the paper.

2. Applications of interchange neighbourhood

The list of problems that could be solved by TS using neighbourhood struc-
ture obtained by 1-interchange move is extensive. But different data structures could
be developed for solving them, depending how the solution space is defined. In some
matematical programming problems, the feasible solution is represented as a sub-
set of variables, in applied graph theory solutions are defined as a subset of edges
or subset of vertices of some graph associated to the problem, etc. Then the vari-
ables, edges, vertices etc., are interchanged in order to get a set of neighbourhood
solutions. In other words, several different data structures could be designed to sup-
port 1-interchange and chain-iterchange (or k-interchange and k-chain-interchange in
general) moves, but each of them still could contain a large number of optimization
problems.

Mathematical Programming examples

Even the move used in Simplex method for Linear Programming (LP) is a 1-
interchange move: a variable removed from the set of basic variables is replaced by a
nonbasic variable according to the simplex pivoting rule. This is equivalent to moving
from the current corner point solution to an adjacent one. In the regular (non degen-



erate) case, the complete neighbourhood consists of n adjacent corner points, since
the feasible domain is an n-dimensional simplex (polyhedron). Of course, we need
not use heuristics in solving LP because there exist pivoting rules (Bland’s rule for
example) that garantee no cycling, and since the local minimum obtained is a global
one as well. But Concave minimization problems are NP-hard and therefore heuris-
tic methods are wellcome. In Concave minimization the optimal solution is again in
the extreme point of the polyhedron and the move from one corner solution point
to another is obtained by interchange of variables as in the simplex method. Inter-
change of variables has already been proposed in solving some Integer Programming
problems by TS as well (see [32]).

Applied graph theory examples

The 1-interchange and thus chain-interchange move could be applied to a
combinatorial optimization problem where the solution could be easily calculated
if the optimal spanning tree (arborescence) of that graph is known. Consider two
(nondirected or directed) spanning trees T1 = (V, E1) and T2 = (V, E2) of the graph
G. The distance between these two trees is denoted by d(T1, T2) and is defined to be
the number of edges in T1 not in T2 (or equivalently the number of edges in T2 not
in T1 since both T1 and T2 have n− 1 edges). If the distance d(T1, T2) = 1, i.e. if

E1 ∪ E2 − E1 ∩ E2 = {e1, e2},

where e1 ∈ E1 and e2 ∈ E2, then T2 could be derived from T1 by removing the
edge e1 from T1 and introducing the edge e2. Such a transformation of T1 into T2

is called an elementary tree transformation (recently, a simpler move of interchage
type has been proposed in [28]). In spanning tree problems the cij = c(e) terms could
represent the distances as well as the costs, and the applications include the design
of transportation systems (the vertices are terminals and the edges are highways,
pipelines, air routes, and so on) as well as communication systems. The vertices could
also represent interfacing satellite computer terminals located at various distances
from one another. Let us mention some of the known hard optimization problems
whose solution is a spanning tree: the optimal pipeline design problem ([20]); 1-
terminal TELPAK problem ([29]); minimum spanning tree problem with time window
constraints ([31]), etc. In all of these problems, n− 1 edges out of m = |EG| have to
be found. The same data structure could be used in solving k-cardinality tree ([7],
[18]) and k-cardinality subgraph ([5], [24]) problems, where k out of m edges of G



should be detected. Note that interchanges of r edges of some graph is usually called
r-opt strategy ([21]).

The p-facility location-allocation problem

The formulation of p-facility location-allocation problems is given in more
detail because of the following reasons: a detailed pseudo-code of algorithm in the
next section is explained in terms of location-allocation; computer experience will
be reported for p-median problem only, i.e. on one well known discrete location-
allocation representative; previously, TS was not recommended as a means of solving
p-facility location-allocation problems.

A Location-Allocation (LA) problem consists in finding the best selection
of points to open facilities at them and the way for serving the users. In order to
formalise the discrete LA models, we consider a set L of m location points, a set D

of n demand points and a m× n matrix with the costs c(x, u) of attending a user at
u from a facility at x, ∀x ∈ L, ∀u ∈ D. Every alternative solution is given by the set
X of location points for the facilities and the allocation of every demand point u ∈ U

to the facility point A(u) ∈ X that serves every user at u. The objective function to
be minimized depends on the locations X and the allocations A(.).

For directly-allocated models the objective cost function is monotone and
every user at u is allocated to the facility point A(u) such that c(A(u), u) ≤ c(x, u),
∀x ∈ X. Then the solution space for these problems is S = {S = X/X ⊆ L}.
In the other hand and for any LA problem, given the allocation A(.) of the users,
the location of the facilities is given by X = A(D). So the solution space can be
considered as S = {S = A/A : D → L}. Another way for giving the allocations
consists in providing the partition of the demand point set in the points allocated to
every facility points, i.e., by giving U(x) = {u ∈ D : A(u) = x}, ∀x ∈ X.

However, for describing the search procedures for these problems, it is conve-
nient to use all the items related with the solution; i.e., the locations given by X, the
allocations given by A(.) and the partition given by U(.). In any implementation we
can use any of them for performing any step since X = A(D) and U(x) = A−1(x), ∀x.
Therefore, we can use the solution space:

S = {S = (X, A, U) / X ⊆ L, A : D → X, U : X → 2D with A(u) = x iff u ∈ U(x)}.



The p-facility problem is a directly-allocated LA problem with solution space

S = {S = X/X ⊆ L : |X| = p}.
Then the objective function characterizes the problem (the p-median problem, the
p-center problem, the balanced p-centdian problem, the median p-center problem, the
p-capture problem, the p-covering problem, the p-equity problem, the p-anticenter prob-
lem, the p-mean problem, the p-log-median problem). A list of these problems is given
in [1]. Among them the p-median problem is most known. Let

c(X, u) = mı́n
x∈X

c(x, u).

The p-median problem. The objective function is the average of the allocation
costs.

f(X) =
1

|U |
∑

u∈U

c(X, u).

Note that a list above can be enlarged with four p-dispersion problems: MaxMinMin,
MaxSumMin, MaxMinSum and MaxSumSum, (see [6]).

3. A Chain-Interchange TS method

Different neighbourhood structures have been suggested in the literature for
solving LA problems by local search heuristics (see [3], [12], [17], [19], [22], [26], etc.).
We shall pay atention to two among them which are of interchange type: reallo-
cation (or 2-opt) and substitution. Then we shall show how to extend those moves
to chain-reallocation and chain-substitution. Generalization to r-chain-reallocation
(or r-chain-opt) and r-chain-substitution (or r-chain-interchange mechanism [27]) is
quite obvious.

Let (S, f) be the solution space and the objective function of a combinatorial
problem. For a location-allocation problem, let S = (X,A, U) be the current solution
given by the locations X, the allocations A and the partition U . The usual elemental
move for the location-allocation problems is the following:

Reallocation of demand point u to facility point x.
- Take x ∈ X and u ∈ D with A(u) 6= x and U(A(u)) 6= {u}.
- Do A(u) ← x and update X and U accordingly.



The set of feasible solutions of a p-facility location-allocation problem is S = {S =
X/X ⊆ L : |X| = p}. Then the usual elemental move for these problems is

Substitution.
- Take x ∈ X and y /∈ X and do X ← X − {x}+ {y}.

Chain-interchange moves

A common property of Reallocation, on one side and Substitution moves on
the other is that they all interchange positions of some entities (solution attributes)
that belong to the solution with some that are not in the solution. If the solution
is represented by pairs (x, u), x ∈ L, u ∈ D (or by edges of associated graph), then
a reallocation move means that one edge goes out from the solution and another
one goes into it. On the other hand if the solution is represented as a subset of L

(X ⊆ L) then the interchange move is a substitutional move: one facility (vertex of
associated graph) goes in X, another goes out (in [27] λ-substitution move is called
λ-interchange mechanism).

We shall now introduce a new chain-interchange move. This move could be
obtained as an extension of reallocation and substitution moves: if elements that
should be inter-changed from one step to another are the edges (x, u) of associated
graph, we have a chain-reallocation move; if such elements are facilities x ∈ X, then
a chain-substitution move is obtained. We shall describe in detail only the chain-
substitution move and give a detailed pseudo-code for it in the next subsection.
Analog results hold for chain-realocation.

Let us devide a set of facility points L into four disjoint subsets X1, T1, X2

and T2, such that:
X = X1 ∪ T1, X1 ∩ T1 = ∅, |X| = p

L \X = X2 ∪ T2, X2 ∩ T2 = ∅, |L \X| = m− p,

with |X1| = p− t1, |T1| = t1, |X2| = m− p− t2 and |T2| = t2. Sets T1 and T2 are two
tabu lists with cardinalities t1 and t2 respectively. Then the chain-substitution move
is as follows:

Chain-substitution move.
Take xout ∈ X1, xin ∈ X2, x′ ∈ T1 and x′′ ∈ T2. Do the following:



X1 ← X1 − {xout}+ {x′};
T1 ← T1 − {x′}+ {xin};
X2 ← X2 − {xin}+ {x′′};
T2 ← T2 − {x′′}+ {xout}.

As the result of above four moves we obtain one substitution move, i.e., we take
xout ∈ X and xin /∈ X and get X ← X − {xout} + {xin}. The question is why four
(instead of only one) substitution moves are needed? It is done because now not
only descent but also ascent moves are allowed in the search process. By taking out
facility point xout from X1 ⊆ X, not from X, some facility points are forced to be
in the solution (i.e., in T1) for a certain number of steps, even if excluding them
from the solution would produce a better solution. In other words, before x′ ∈ T1

was choosen to leave the waiting list T1 (in First In First Out - FIFO discipline),
it had been kept in the solution for t1 = |T1| iterations. Therefore a maximum of
t1 + 1 ascent moves are allowed in the search process (if the current solution is local
minimum). The same holds true for facility point x′′, i.e., before it went out from T2,
it had been forced out of the solution for t2 iterations. Let us emphasis this fact in
following Property.

Property 1 The sequence of objective function values fi, i = 1, 2, . . . obtained by
succesive implementation of the chain-substitution move above (under the FIFO rule
in T1 and T2), has a perod of length α ≥ |T1|+ |T2|+ 2.

Proof. The sequence fi, i = 1, 2, . . . could ’get caughtup in a loop’ (a cycle of numbers
that is repeated endlessly) only if the same solution X is obtained after α steps. We
shall show that α ≥ t1+t2+2. Actually, the minimum number of iterations of facility
x

(i)
out ∈ X1 needed in order to belong to X1 again is t1 + t2 + 2: one step to go out

from X1, t2 iterations being in T2 because of FIFO rule, at least one step in X2 and
t1 steps in T1. It is easy to see that all other facilities that went out from the solution
after x

(i)
out could be in T1, thus, in the solution. ¦
To change the positions of two elements with indices out and in in some

ordered set x(.), it is necessary to perform 3 operations: xx := x(out); x(out) :=
x(in); x(in) := xx. Note that for our four changes we need only 5 operations (k and
l are indices of entities in tabu lists T1 and T2 respectively):



Chain-substitution-move (out, k, in, l, x)
xx := x(out);
x(out) := x(k);
x(k) := x(in);
x(in) := x(l);
x(l) := xx.

Note also that two important TS steps are performed with only these five
statements: (i) move to a new current solution; (ii) update tabu list.

Algorithm

In the algorithm below we select some TS rules to include them, together
with the chain-substitution move, in the proposed Chain-Substitution Tabu Search
(CSTS). Although the questions as to what rules among many to use in the search
still exist, following our approach we reduced the number of possible answers.

The number of demand (fixed) points n, the number of facility points m and
the number of new facilities p are given. Let us assume that we are able to calculate
the objective function value f(X) if solution X ⊆ L is known. These are all the input
data needed. The output values of procedure chain-substitution are: optimal solution
Xopt = xopt(j), j = 1, . . . , p and fopt = f(Xopt).

Procedure Chain-Substitution TS (m,n, p, fopt, Xopt)

Step 1. Parameters of the method:
- t1, t2 - lengths of the tabu lists T1 and T2;
- nbmax - the maximum number of iterations between 2 improvements;
- nlong - number of times a long term memory process will be used, i.e.,

how many times the procedure will be restarted in an unexplored
area of solution space.

Step 2. Initialization
Let us denote with x(j), j = 1, . . . , m a set of facility location points L
in some order, where its first p elements represent the solution.
- Find an initial ordering of array x(j), j = 1, . . . ,m at random, i.e., let x(j) be

any permutation of numbers from 1 to m. (This permutation could be obtained
for example by seting x(j) = j first, and then by changing the position of first p
elements with some with index randomly choosen from interval [1,m]).

- put xopt(j) := x(j), j = 1, . . . , m, where xopt(j), j = 1, . . . , p represents the



incumbent solution (best solution found thus far); let fopt := f(xopt)
- nbiter := 0, (* current iteration *);
- bestiter := 0 (* iteration when the best solution has been found *);
- Give initial values for counters in two tabu lists: cnt1 := p and cnt2 := m;
- Let long term memory array d(j), j = 1, . . . ,m, represents iteration number when

variable j went out from the solution last time; initialize that array as d(j) := 0;
Step 3. Diversification loop

For k = 1 to nlong
Step 4. Descent-ascent search

While (nbiter − bestiter < k · nbmax) do
nbiter := nbiter + 1;

Step 4.1 Find the best solution in the neighbourhood
(* Generate a set of neighbourhood solutions N(x); choose non
tabu solution x∗ optimizing f over N(x) (x∗(j) differs from x(j)
in only two indices out and in); check if there is a tabu solution
better then fopt (aspiration level); in that case, xopt := x *)
Around (m,n, p, t1, t2, x, f∗, xopt, fopt, out, in);

Step 4.2 (* Keep the best solution *)
if (f∗ better than fopt) then
fopt := f∗; xopt(out) := x(in); bestiter := nbiter

Step 4.3 d(x(out)) := nbiter (* Update long term memory array *);
Step 4.4 (* Move to a new solution and update tabu lists *)

Chain-substitution-move (out, cnt1, in, cnt2, x);
cnt1 := cnt1− 1; if (cnt1 = p− t1) then cnt1 := p;
cnt2 := cnt2− 1; if (cnt2 = m− t2) then cnt2 := m;

EndWhile
Step 5. Diversification

(* Bring into the solution variable j∗ that has been out for longest time,
i.e., find minimum of d(j), j = p + 1, . . . ,m, and exchange its position
with one from T1 *)
xx := x(p); x(p) := x(j∗); x(j∗) := xx;

EndFor

Obviously, the complexity of one iteration of descent-ascent search (Step 4) depends
on the complexity of the procedure Around (Step 4.1) since chain-substitution-
move is O(1). We shall now give a pseudo-code for best-improvement (or steepest
descent mildest ascent [13]) version of the algorithm, i.e., version that explores the
complete neighbourhood consisting p(m− p) solutions. Then modifications in order
to get different versions are obvious: (i) partial best-improvement - take one facility



out from the solution at random and exchange it with all m − p facilities that do
not belong to the current solution; (ii) first-improvement - enumerate all neighbour-
hood solutions until first improvement; (iii) random search - take v (a parameter)
neighbourhood solutions at random and move to the best among them; (iv) random
walk - take one neighbourhood solution at random etc. Note that for a random walk
algorithm tabu lists are not needed (t1 = t2 = 0), since the probability of cycling
is almost zero. The similar conclusion holds for random search. Note also that a
1-substitution move (with all versions mentioned above) can in fact be viewed as
a special case of our chain-interchange move, where the parameters t1 = |T1| and
t2 = |T2| are set to zero.

Procedure Around (m,n, p, t1, t2, x, f∗, fopt, xopt, out, in)

f∗ := big (for minimization); f∗ := −big (for maximization);
For i = 1 to p (* Enumerate candidates that go out from the solution *)

jj := x(i)
For k = p + 1 to m (* Enumerate candidates that go into the solution *)

x(i) := x(k) (* Interchange facilities *);
f := f(x) (* Find objective function in x *);
if (i ≤ p− t1 and k ≤ m− t2) then

(* Keep the best non tabu solution *)
if (f better than f∗) f∗ := f ; out := i; in := k;

else (* Aspiration criterion *);
if (fbetter than fopt) then

fopt := f ; out := i; in := k; xopt(out) := x(in);
Endif;

Endif;
EndFor;
x(i) := jj;

EndFor;

The procedure Around employs a simple type of aspiration criterion, consisting of
removing a tabu status from a trial move when the move yields a solution better
than the best obtained so far (fopt). Then it becomes both, a new current and a new
incumbent solution.

In the framework of TS, diversification of the search is performed by using
the so called long term memory function. It has been noted that a search with the



memory has a greater chance of visiting unexplored regions of the solution space
than a random multistart search. Moreover, multistart implementation suffers from
’central-limit catastrophe’ when the problem size grows large. In [2] it is shown that
usually in combinatorial problems, very good solutions are located near other good
solutions. That result may explain why simulated annealing, tabu search and other
descent-ascent local search heuristics have been so successful in practice. But these
also explain why TS has been successful even without using the long term memory
function (see [11] & 3.4 for such applications).

However, there are easy ways of implementation of TS long term memories
in our algorithm. One possibility of doing this has already been explained in steps
4.3 and 5 of the algorithm: dj represents the last iteration number when facility
point j (attribute of the solution) has been in the solution ([32]). Note that only one
operation in each iteration is needed to update sequence dj (Step 4.3).

Another possibility is in introducing frequency-based memory ([11]) in our
method. Let rj represent counts of the number of occurrences of a facility point j

in the solution in previous iterations. When improvement with local search is no
longer possible, intensification and diversification could be performed using array
rj (in Step 5 of the algorithm) in some of the following ways: (i) Intensification by
Selection: take the p largest elements from rj and put the corresponding facilities
into the new solution. Among them, put facilities that correspond to the t1 largest
members of rj into T1; (ii) Diversification by Negaive Selection: bring into the solution
p facilities with the corresponding p smallest values of array rj (or dj), etc.

4. Computational experience

Three sets of experiments were conducted for p−median problem only. The
first one examined road distances between 47 important European cities ([25]); the
second one used the Ruspini data [30] for 75 fixed points, which is widely referenced
in classification or clustering theory; the third one used n randomly generated points
from square in the plain [0,100]x[0,100] (n = 100, 200, 300).

Without loss of generality, in all testing it is assumed that a set of potential
facilities is equal to a set of customers (L = D, m = n). We compare results of our



Objective function value % deviation CPU Time (sec.)

p zopt RW 1-INT CSTS RW 1-INT CSTS RW 1-INT CSTS
5 28711 28711 29938 28711 0.00 4.27 0.00 9.00 0.36 2.47

10 17677 17845 18474 17677 0.95 4.51 0.00 5.54 0.42 1.55
15 12749 12918 12749 12749 1.33 0.00 0.00 4.47 0.73 1.29
20 9328 9762 9657 9328 4.65 3.53 0.00 3.96 0.75 1.15
25 6561 6908 6920 6561 5.29 5.47 0.00 3.68 0.53 1.06
30 4455 4705 4530 4455 5.61 1.68 0.00 3.50 0.59 0.98

Cuadro 1: Results for the 47-European cities: nfun = 10000, nlong = 1, t1 = 1, t2 = 3

Chain-Substitution TS method (CSTS) with two well-known methods: Random Walk
(RW) algorithm (with local improvement of the solution) and descent 1-Interchange
(1-INT) algorithm. In the Random Walk algorithm, both the facility that goes out
of the solution and the facility that goes into the solution are chosen at random.
The new solution determines a partition of a set of customers into p groups. Local
improvement consists in solving separately p 1-facility problems, i.e., the best center
for each given set of customers is found. We obtain the 1-Interchange method as a
special case of Chain-Interchange method, by seting parameters t1 and t2 to zero
(tabu lists are empty). RW and CSTS terminate when a given maximum number
of function evaluations nfun is reached, while 1-INT stops naturally (when there is
no better solution in the neighbourhood of a current solution). The basic version
of Chain-substitution method is used in comparison: complete neighbourhood of
(p − t1)(m − p − t2) solutions is considered, thus aspiration criterium as well as
long term memory processes have not been used. The results for the 47−European
cities are given in Table 1. p represents the number of new facilities and zopt the
exact minimum value. The other columns contain the objective function values,%
deviation calculated relative to zopt and CPU times for all methods compared. The
results for Ruspini data are summarized in Table 2 using the same format as Table
1. It appears that Chain-Substitution (CSTS) algorithm out-performs both 1-INT
and RW. The results for random test problems are given in Table 3. We compare
CSTS and 1-INT only. Average results for ten runs for each n and p are reported
(n = 100, 200, 300; p = 10, 20, . . . , [n

2
]). We denoted by v the number of function

evaluations 1-INT method had used before it stopped. Then the stopping criterium
we used for CSTS method was set to nfun = 3v. Hence, CSTS had three times more



Objective function value % deviation CPU Time (sec.)

p zopt RW 1-INT CSTS RW 1-INT CSTS RW 1-INT CSTS
5 779.68 779.68 796.44 779.68 0.00 2.15 0.00 49.57 1.68 14.09

10 512.81 515.14 512.81 512.81 0.45 0.00 0.00 29.51 3.52 8.67
15 389.98 390.28 393.83 393.83 0.08 0.99 0.99 22.75 5.45 7.12
20 314.10 318.66 315.05 315.05 1.45 0.30 0.30 19.20 6.90 6.83
25 252.43 263.50 257.45 255.80 4.39 1.99 1.33 17.12 6.11 5.97
30 199.41 214.28 208.56 207.37 7.45 4.59 3.99 15.79 5.68 5.40
35 159.90 169.88 166.48 163.10 6.24 4.11 2.00 14.93 5.07 4.98
40 127.63 139.56 132.46 128.62 9.35 3.78 0.77 14.30 4.74 4.62

Cuadro 2: Results for Ruspini data: n = 75, nfun = 25000, nlong = 1, t1 = 1, t2 = 3

steps than 1-INT.

5. Conclusions

The 1-Interchange move was successfully applied to a large class of combina-
torial problems, but it did not allow escape from local optima traps. We suggested a
simple extension of this move, the chain-interchange move, which would allow us to
obtain an efficient descent-ascent local search heuristic of Tabu search type.

The list of implementation of 1-interchange, and thus chain-interchange moves
is very large. Even the simplex method for linear programming and some concave
minimization methods are of that type: one variable goes out from the basis, another
goes in. On the other hand, for the same problem, different interchange strategies can
be developed in the solution process. For example, in directly-allocated LA problems
the same solution can be represented as a subset of vertices (locations) as well as
a subset of edges (allocations) of some graph. Obviously, the set of neighbourhood
solutions obtained by all possible interchanges in both cases are not the same. This
fact could limit a general approach in which problem specific knowledge is ignored.
In this paper, a middle approach is suggested: recognition of a class of problems
with similar properties, such that the same data structure (the same algorithm) may
be applied. We addressed our attention to location-allocation problems which have



Objective function % Improvem- CPU Time(s.)
n p 1-INT CSTS ent by CSTS 1-INT CSTS

100 10 104.042 103.920 0.12 7.01 18.62
100 20 63.238 63.026 0.34 10.81 29.13
100 30 43.908 43.858 0.11 13.59 36.57
100 40 31.994 31.908 0.27 13.99 38.37
100 50 22.963 22.896 0.29 14.31 39.49
200 10 225.037 223.862 0.52 27.80 75.32
200 20 145.766 144.530 0.85 45.78 125.41
200 30 108.394 108.107 0.26 69.39 192.40
200 40 86.655 86.087 0.66 73.38 203.80
200 50 73.222 71.276 2.66 66.83 184.58
200 60 62.885 60.267 4.16 61.24 172.11
200 70 54.381 51.332 5.61 57.03 161.57
200 80 47.016 43.866 6.70 54.73 155.65
200 90 40.341 37.367 7.37 52.27 149.14
200 100 34.525 31.557 8.59 50.35 144.94
300 10 345.635 344.549 0.31 68.02 185.86
300 20 230.303 228.614 0.73 114.06 314.81
300 30 176.323 175.513 0.46 163.02 451.39
300 40 145.228 143.851 1.67 142.96 387.71
300 50 125.903 120.618 4.20 129.59 348.56
300 60 112.727 104.581 7.23 115.93 315.63
300 70 101.474 91.300 10.03 107.96 295.23
300 80 91.892 81.141 11.70 103.40 282.38
300 90 83.869 72.862 13.12 97.10 266.64
300 100 76.740 65.612 14.50 93.07 257.55
300 110 70.120 59.335 15.38 89.70 250.33
300 120 64.201 53.538 16.61 86.13 242.12
300 130 58.418 48.308 17.31 82.77 235.23
300 140 52.661 43.309 17.76 80.20 233.92
300 150 47.554 38.679 18.66 78.16 233.45

Cuadro 3: Average results for ten runs: nfun = 3v, nlong = 1, t1 = 1, t2 = 3



similar problem specific knowledge. For solving them we developed one version of
the chain-interchange method, chain-substitution heuristic.

A future work on this “middle” approach with chain-interchange method could
be developed in four directions: (i) enlarge the class of problems that could be solved
efficiently with algorithm chain-substitution proposed in & 3 of this paper (by on-
ly changing the subroutine that evaluates objective functions), and compare results
with other good heuristics (for each particular problem). That could be for example
p-cluster problems, p-dispersion problems, simple plant location problem, quadratic
knapsack problems, etc.; (ii) for solving large instances of LA problems extend basic
version of the chain-substitution algorithm using some hybrids or other known ideas
from TS; (iii) develop data structures that allow implementation of another version
of the chain-interchange method such as chain-reallocation, and compare results with
the chain-substitution algorithm; (iv) in this paper, the 1-chain-interchange method
is in fact proposed. Obviously it could be generalized to an r-chain-interchange al-
gorithm. Then it becomes a hybrid of a Variable Neighbourhood Algorithm (VNA)
[23] and TS.

Acknowledgement. We thank Dr. A. Klose from St Gallen University, Switzerland,
for providing us with the exact solutions found in Tables 1 and 2. We also thank B.
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