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Abstract

Interesting mechanical systems defined on the tangent bundle (of course)
but also on Lie algebras, principal fibre bundles, integrable subbundles (dis-
tributions), semidirect products, etc.

One can develop general framework to describe all those systems as partic-
ular cases by using the geometry of Lie algebroids.

When discretizing one obtains a general framework to study the discrete

analogs of such systems.

One can also introduce nonholonomic constraints (Juan Carlos’s talk)



Lie Algebroids

A Lie algebroid structure on the vector bundle 7: £ — M is given by

O a Lie algebra structure (Sec(E),[, ]) on the set of sections of E, and

[0 a morphism of vector bundles p: E — TM over the identity, such
that

> p([o,n]) = [p(o), p(
> [o, fn] = flo,n] + (p(a) f)n,

where p(o)(m) = p(a(m)).

The first condition is actually a consequence of the second and the Jacobi identity.



Tangent bundle.

E=TM,
p=id,
[, ] = bracket of vector fields.

Integrable subbundle.

E C T M, integrable distribution
p =1, canonical inclusion

[, ] = restriction of the bracket to vector fields in E.



Lie algebra.

E =g — M = {e}, Lie algebra (fiber bundle over a point)
p =0, trivial map (since TM = {0.})
[, ] = the bracket in the Lie algebra.

Atiyah algebroid.

Let m: @ — M a principal G-bundle.
E=TQ/G — M, (Sections are equivariant vector fields)
p([v]) = Tw(v) induced projection map

[, ] = bracket of equivariant vectorfields (is equivariant).



Transformation Lie algebroid.

Let ®: g — X(M) be an action of a Lie algebra g on M.
E=Mxg— M,

p(m, &) = ®(£)(m) value of the fundamental vectorfield
[, ] = induced by the bracket on g.



Mechanics on Lie algebroids

(Weinstein 1996, Martinez 2001)

(De Leén, Marrero, Cortés, etc.)
Lie algebroid £ — M.
L€ C=(E) or H € C~(E*)

O E=TM — M Standard classical Mechanics

O E=D CTM — M (integrable) System with holonomic constraints
O E=TQ/G— M = Q/G System with symmetry

O E =g — {e} System on a Lie algebra

O E =M x g — M System on a semidirect product (e]. heavy top)



Structure functions

A local coordinate system (%) in the base manifold M and a local basis of
sections (e, ) of E, determine a local coordinate system (2%, y“) on E.

The anchor and the bracket are locally determined by the local functions
ph(x) and Cg () on M given by

.0
plea) = Paz

leaseq] = Clg €y

«



The function p!, and (., satisfy some relations due to the compatibility
condition and the Jacobi identity which are called the structure equations:
pj

j

_ 9% _ i
Pogei ~ PP o PrCap

acy
S S+ ah e, =o.

Ori By~ ap
cyclic(a,3,7)



Exterior differential

On 0-forms
df (o) = plo) f

On p-forms (p > 0)

dw(al,...,ap+1)=
p+1
Z+1 ~
= E 0'1,...70'1‘,...70'1,4_1)
H— ~ ~
— g TW([04y05), 01y« ooy Tiyee ey Ty Tpi)-

1<J



Exterior differential-local

Locally determined by

dz' = p;e”

and )
de® = —503766 Aer.

The structure equations are

2" =0 and d%e® =0.
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Lagrange’s equations

Given a function L € C>~(FE), we define a dynamical system on E by means
of a system of differential equations, which in local coordinates reads

cl<aL)+anZ 5 0L

dt \ oy Ay pY" = Pagyi
&' = phy”.

The equation i* = p’ y® is the local expression of the admissibility condi-
tion: A curve a: R — FE is said to be admissible if

panE(Toa).

In other words, if adt: TR — E is an admissible map.
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Prolongation

Given a Lie algebroid 7: E — M we can construct the E-tangent to E
(the prolongation of E). It is the vector bundle 71: 7¥E — E where the

fiber over a € E is
TFPE = {(b,v) € E,, x T,E | Tt(v) = p(b) }
where m = 7(a).

Redundant notation: (a, b,v) for the element (b,v) € T.FE.

12



The bundle T¥E can be endowed with a structure of Lie algebroid.
The anchor p': TPE — TE is just the projection onto the third factor
pt(a,b,v) = v.

The structure of Lie algebroid in 7¥E can be defined in terms of the

brackets of vertical and complete lifts

o =[o,n % c"]=[o,n" and [n",0"]=0.
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Geometric Lagrangian Mechanics

Associated to L there is a section 0, of (TP E)*,
<9L,’I70> ZdnvL and <9L,’I7V> =0.

Equivalent conditions:
z'pr = dEL

with wy, = —df;, a E;, = daL — L the energy, or
drfy, = dL

with T' a SODE-section. (Martinez 2001)
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A solution of Lagrange's equations is an admissible curve a: R — E which
satisfies 6 L(a(t)) = 0, where

(6L (a(t)), n(v(1)) = (dye L) (a(t)) — %(<9L,nc>(a(t)))

for every n € Sec,(E) and where v = 7 o a is the curve on the base.

Variations +—  Complete lifts
which are of the form
szt = p o
oyt =%+ Cg‘vaﬁa'y

For an infinite-dimensional setting on the manifold of admissible curves see
(Martinez 2006, ESAIM: COCV to appear)
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Lie groupoids

A groupoid over a set M is a set G together with the following structural

maps:

O A pair of maps (source) a: G — M and (target) B: G — M.
O A partial multiplication m, defined on the set of composable pairs
Gy ={(9:h) e GxG [B(g) =a(h)}.
> a(gh) = a(g) and B(gh) = B(h).
> g(hk) = (gh)k.
O An identity section € : M — G such that
> €(a(g))g =g and ge(B(g)) = g.
O An inversion map i : G — G, to be denoted simply by i(g) = ¢
such that

> g g =e(B(g)) and gg~' = e(a(y)).

-1
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A groupoid is a Lie groupoid is G and M are manifolds, all maps (source,
target, inversion, multiplication, identity) are smooth, a and 3 are sub-
mersions (then m is a submersion, € is an embedding and i is a diffeomor-
phism).
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The Lie algebroid of a Lie groupoid

The Lie algebroid of a Lie groupoid G is the vector bundle 7: E — M
where E,,, = ker(T(mya) with py, = Te(n)B.

The bracket is defined in terms of left-invariant vector fields.

Left and right translation:
g € G with a(g) =m and B(g9) =n

ly: at(n) — aH(m), lg(h)

rg: B71(m) — B (n),  ry(h)

gh
hg

Every section o of E can be extended to a left invariant vectorfield o €
P
X(G). The bracket of two sections of E is defined by [o,7] = [7, 7].
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Pair groupoid.

G = M x M with a(my,mg) = my and B(my, mg) = mo.
Multiplication is (m1,mz2)(mz, mg) = (my1, ms)

Identities e(m) = (m,m)

Inversion 4(mq,mg) = (Mg, mq).

The Lie algebroid is TM — M.

Lie group.

A Lie group is a Lie groupoid over one point M = {e}. Every pair of
elements is composable.
The Lie algebroid is just the Lie algebra.
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Transformation groupoid.

Consider a Lie group H acting on a manifold M on the right. The set
G = M x H is a groupoid over M with a(m, g) = m and B(m, g) = mg.
Multiplication is (m, hy1)(mhy, he) = (m, hihs).

Identity €(m) = (m,e)

Inversion ¢(m, h) = (mh,h™1)

The Lie algebroid is the transformation Lie algebroid M x h — M.

Atiyah or gauge groupoid.

If 7: Q@ — M is a principal H-bundle, then (Q x Q)/H is a groupoid over
M, with source a([q1, ¢2]) = 7(q1) and target B([q1, g2]) = 7(g2).
Multiplication is [q1, g2][hq2, ¢3] = [hq1, g3]-

Identity e(m) = [q, ¢]

Inversion i([q1, g2]) = [g2, ¢1]

(An element of (Q x Q)/G can be identified with an equivariant map
between fibers)
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Discrete Lagrangian Mechanics

A discrete Lagrangian on a Lie groupoid G is just a function L on G. It
defines a discrete dynamical system by mean of discrete Hamilton principle.

Action sum: defined on composable sequences (g1, g2, - ,gn) € G,

S(g1,92, -+ -5 9n) = L(g1) + L(g2) + -+ + L(gn)-

Discrete Hamilton principle: Given p € G, a solution of a Lagrangian
system is a critical point of the action sum on the set of composable se-
quences with product p, i.e. sequences (g1,92 - ,9n) € Gy, such that

9192 gn =P
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Discrete Euler-Lagrange equations

We can restrict to sequences of two elements (g, h). Since gh = p is fixed,
variations are of the form g — gn(t) and h — n(t)~1h, with n(¢) a curve
thought the identity at m = B(g) = a(h) with /(0) = a € E,,,. Then the

discrete Euler-Lagrange equations are:

(DprrLig h),a) = 5 Lgn(t)) +Lin(t) )]
=(d°(Loly+Lor,oi),a).

t=0
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Example: Heavy top

Consider the transformation Lie algebroid 7 : S? x s0(3) — S? and La-
grangian
1 1 A

L.(T,Q) = 32 12 —mgiT e = o tr(QIQT) — mgll - e.
where Q € R® ~ 50(3) and I = 1 tr(1)I3 — 1.
Discretize the action by the rule
1
h
where Wi, = R R, to obtain a discrete Lagrangian (an approximation

N . 1
O=R'R~ }—ZR,;F(R;CH —Ry) = ~(Wy — I3),

of the continuous action) on the transformation Lie groupoid L : S? x
SO(3) - R

1
LTy, W) = ~ tr(IWy) — hmglly, - e.
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The value of the action on a variated sequence is
At) = L(D, Wiee™) + L(e BT y1, e B Wii1)
1
=7 [tr(I[WketK) + mglh® Ty, - e + tr(le "KWy 1) + mglh® (e 7T y1)

where Ty 1 = W,CTFk (since the above pairs must be composable) and
K € s0(3) is arbitrary.

Taking the derivative at ¢t = 0 and after some straightforward manipulations
we get the DEL equations

Miysr — WEM Wy — mglh*(Tpes x ) =0
where M = WT —IWT.

In terms of the axial vector IT in R3 defined by II = M, we can write the
equations in the form

Hk+1 = WEHI@ + mglthk_H X e.
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Pair groupoid.
Lagrangian: IL: M x M — R Discrete Euler-Lagrange equations:

DsL(z,y) + D1L(y, z) = 0.

Lie group.

Lagrangian: L: G — R Discrete Euler-Lagrange equations:
prt1 = Adg, fig, discrete Lie-Poisson equations

where . = 1y, dL(e).
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Action Lie groupoid.

Lagrangian: IL: M x H — R Discrete Euler-Lagrange equations: Defining
pr(z, hy) = d(Ly orp, )(e), we have

k1 (The, hiey1) = Ady, pe(, hie) + d(Lay ., © ((xhe)+))(€),
where (zhy)- : H — M is the map defined by

These are the discrete Euler-Poincaré equations.
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Atiyah groupoid.

Lagrangian: L: (Q x @Q)/H — R. Discrete Euler-Lagrange equations:
Locally @ = M x H

Dy L((z,y), hi) + D1L((y, 2), hi+1) = 0,

. 1
pr+1(y, 2) = Adj,, pe(2,y), M)

where

uk('ra g) = d(T;;kL(iﬂj’ ))(6)
for (z,y) € M x M.

One can find a global expression in terms of a discrete connection.
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Simplecticity?

In the case of the pair groupoid, it is well known that the algorithm defined
by the discrete Euler-Lagrange equations is symplectic.

In the general case of a Lagrangian system on a Lie groupoid one can
also define a symplectic section on an appropriate Lie algebroid which is
conserved by the discrete flow. From this it follows that the algorithm is

Poisson (In the standard sense).

Such appropriate Lie algebroid is called the prolongation of the Lie groupoid
PG — G, where
PyG =ker(T o) @ ker(T,0)

It can be seen isomorphic to
PG ={(a,9,0) e ExGx E | 7(a) = a(g) and 7(b)=p(g)}

where 7: E — M is the Lie algebroid of G.
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Given a discrete Lagrangian L € C*°(G) we define the Cartan 1-sections
O and O] of PG* by

@]l_,(g)(ngYg) = _Xg(L)v and @E(Q)(meg) = Yg(L)a
for each g € G and (X, Y,) € V,8 @ Vya.
The difference between them is

dL=0; — 6.

The Cartan 2-section is

O = —dO; = —de;.

A Lagrangian is said to be regular if ), is a symplectic section.
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Discrete evolution operator

For a regular Lagrangian there exists a locally unique map {: G — G such
that it solves the discrete Euler-Lagrange equations

Dprrl(g,&(g9)) =0 for all g in an open U C G.

One of such maps is said to be a discrete Lagrangian evolution operator.

Given a map £: G — G such that a0 £ = 3, there exists a unique vector
bundle map P¢: PG — PG, such that & = (PE,€) is a morphism of Lie
algebroids.

A map £ is a discrete Lagrangian evolution operator if and only if
'O, — 0 =dL.

If £ is a discrete Lagrangian evolution operator then it is symplectic, that
iS, q)*Q]L = Q]L-
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Hamiltonian formalism

Define the discrete Legendre transformations F~L : G — E* and FTL :
G — E* by

(F~L)(h)(a) = —a(Lory o), for a € Eqn)

(F+L)(g)(b) = b(L o lg), for b € Eﬁ(g)

The Lagrangian is regular if and only if F*L is a local diffeomorphism.

If © is the canonical 1-section on the prolongation of E* then
(PFEL)*0 = ©F,

and
(PFEL)*Q = Q.
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We also have that
DpgrL(g,h) =F"L(g) — F~ L(h)
so that the Hamiltonian evolution operator &, is
& =F"L)o(F L)},
which is therefore symplectic

(PEL)*Q = Q.
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Morphisms and reduction

A morphism of Lie groupoids is a bundle map (¢, ¢) between groupoids G
over M and G’ over M’ such that ®(gh) = ®(g)®(h).

The prolongation P¢ of ¢ is the map Po(X,Y) = (T¢(X),T®(Y)) from
PG to PG’

Assume that we have a Lagrangian L on G and a Lagrangian L’ on G’
related by a morphism of Lie groupoids ¢, that is L' o ¢ = L. Then

O (DppLl(g, h),a) = (Dpecl/(6(g), 6(h)), ¢+(a))
O P¢*ei = of
O P QL = Q.
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As a consequence:

Let (¢, ¢) be a morphism of Lie groupoids from G = M to G’ = M’ and
suppose that (g, h) € Gs.

1. If (¢(g),d(h)) is a solution of the discrete Euler-Lagrange equations
for L' = Lo ®, then (g, h) is a solution of the discrete Euler-Lagrange
equations for L.

2. If ¢ is a submersion then (g, h) is a solution of the discrete Euler-
Lagrange equations for L if and only if (¢(g),¢(h)) is a solution of
the discrete Euler-Lagrange equations for /.
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Let G be a Lie group and consider the pair groupoid G x G over G. Consider

also GG as a groupoid over one point. Then we have that the map

d,: GxG — G
(gh) = g7'h

is a Lie groupoid morphism, and a submersion. The discrete Euler-Lagrange
equations for a left invariant discrete Lagrangian on G x G reduce to the
discrete Lie-Poisson equations on G for the reduced Lagrangian.
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Let G be a Lie group acting on a manifold M by the left. We con-
sider a discrete Lagrangian on G x G which depends on the variables
of M as parameters L,,(g,h). The Lagrangian is invariant in the sense

Ly, (7’97 Th) = erlm(ga h)

We consider the Lie groupoid G x G x M over G x M where the elements in
M as parameters, and thus L € C>~(G x G x M) and then L(rg,rh,rm) =
L(g,h,m). Thus we define the reduction map (submersion)

®: GXxGxM — GxM

(g,h,m) = (g h,g7'm)

where on G x M we consider the transformation Lie groupoid defined by
the right action m - g = g~ 'm.
The Euler-Lagrange equations on G X G x M reduces to the Euler-Lagrange
equations on G x M.
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A G-invariant Lagrangian L defined on the pair groupoid L: Q x Q — R,
where p: @ — M is a G-principal bundle. In this case we can reduce to
the Atiyah gauge groupoid by means of the map

: QxQ — (@xQ)/G
(,4') = [(q,4")]

Thus the discrete Euler-Lagrange equations reduce to the discrete
Lagrange-Poincaré equations.
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Thank you
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