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Geometric formulation of continuous constrained

(nonholonomic) Lagrangian systems on Lie algebroids

@ Mestdag-Langerock (2005)

@ Cortés, de Ledn, Marrero and Martinez (2005)
Ingredients

@ 7: E — @ a Lie algebroid over Q with Lie algebroid structure
(Il'a Yy ]]7 p)

@ L:E— R a regular Lagrangian function

@ M an embedded submanifold of E such that
Tim - M — Q is a fibration
(usually, M is a vector subbundle over Q of E)

(L, M) a constrained (nonholonomic) Lagrangian system on E
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Geometric formulation of continuous constrained

(nonholonomic) Lagrangian systems on Lie algebroids

@ (x') local coordinates on Q; {ea} a local basis of Sec(E)
(x', y?) the corresponding local coordinates on E
(pias CSg) the local structure functions on E
pea) = phma lea esl = Cigec

{®%(x",ya) =0, a=1,...,s} local equations defining to the
submanifold M
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Continuous constrained (nonholonomic) Euler-Lagrange

equations

v=t— (x'(t),yA(t)) a curve on E

v is a solution

)

oL ~C B j oL __ 0P« i LAY
By° CABy _ pfé\axi — /\a dyA cba(xlvy ) =0

Ao = The Lagrange multipliers
The unconstrained case: M = E

Cc B i OL __
BY _pAaxi_O

Martinez (2001)
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@ E-tangent bundle to E
TEE = {(e,X) € E x TE/p(e) = (T7)(X)}

a Lie algebroid over E

@ The vertical endomorphism
S(e,X) =(0,e%), (e,X)eTEE
@ The Poincaré-Cartan 2-section associated with L
w, = —dT E(S*(dT EL)) € Sec(A2(TEE)¥)
@ The Lagrangian energy
E, = A(L)— L e C™(E)
L regular = wy is a symplectic section

b, : TEE — (TEE)* the musical isomorphism
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@ E-tangent bundle to M
TEM = {(e,Y) € E x TM/p(e) = (Ttm)(Y)}

@ Geometric formulation of the continuous constrained
Euler-Lagrange equations for the constrained system (L, M)

[ e Sec(TEE)
(irwi — dT EEyu € Sec(S*(TEM)?)
F|M S Sec(TEE)

(L, M) regular if the above equations admit a unique solution
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F.,H vector subbundles of TEE over M

aeM— FO=SY(TEM) C (TEE)"

a

aeM—H,={ze TEM/S(z) e TEM}
@ (L, M) is a regular constrained Lagrangian system

)
TEMNFt={0}
T

‘H is a symplectic subundle of the symplectic bundle
(TJE[ E,wp)
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"One of the main features of the Lie algebroid framework is its inclusive

nature”

Continuous constrained Lagrangian system

Standard nonholonomic
Lagrangian systems

Nonholonomic Lagrangian
systems on Lie algebras

Nonholonomic Mechanical systems
with configuration space

a compact Lie group which are
invariant under the action of a
closed Lie subgroup

Non-holonomic Lagrangian
systems which are invariant
under the action of a
symmetry Lie group G

Lie algebroid Dynamical equations Examples
TR Standard nonholonomic All the constrained
E-L equations systems with Lagrangian
function on TQ [1]
g = areal Nonholonomic Euler Suslov system
Lie algebra -Poincaré equations (g =s0(3)) [2]
An action Lie Poincaré-Chetayev LR-systems

algebroid

An Atiyah (gauge)
algebroid associated
with a principal

G-bundle

[1] Monographs by Bloch (2003) and Cortés (2002);
[2] Fedorov-Kozlov (1995), Jovanovic (1999), Zenkov-Bloch (2000)
[3] Veselov-Veselova (1986,1988), Fedorov-Jovanovic (2004)

[4] Monograph by Cortes (2002)
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(or Bolzano-Hamel)
equations

Nonholonomic
Lagrange-Poincaré
equations

Discrete nonholonomii

(Veselova problem
or multidimensional
generalizations of
this problem) [3]

A ball rolling on

a rotating table;

A two wheeled
planar mobile robot
etc....[4]

Survey Paper by Cendra, Marsden, Ratiu (2001)
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Lie algebroids= Infinitesimal invariants of Lie groupoids

Geometric formulation of discrete unconstrained Lagrangian Mechanics

on Lie groupoids

Marrero, Martin de Diego and Martinez (2006)
(the topic of the previous talk)

All the above facts provide a good motivation for developing a
generalized theory of discrete constrained (nonholonomic) Lagrangian
Mechanics on Lie groupoids

Some steps have been given in this direction:
Cortés, Martinez (2001): Pair groupoid
Federov, Zenkov (2005): Lie groups
McLachlan, Perlmuther (2006): Lie groups
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Plain of the talk

© 00

© © 00

Discrete generalized Holder's Principle
Discrete nonholonomic Legendre transformations

Nonholonomic evolution operators and regular discrete
nonholonomic Lagrangian systems

Reversible discrete nonholonomic Lagrangian systems
Lie groupoid morphisms and discrete nonholonomic dynamics
The discrete nonholonomic momentum map

Some examples
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Discrete generalized Holder's principle

= Q a Lie groupoid; dimlF=m+n, dmQ=m
a,B:T—Q, e:Q—-T;i:T—>T, m:T,—>T

7 : Er — Q = the Lie algebroid of '

Generalized discrete nonholonomic (or constrained) Lagrangian system

@ Ly : I — R a regular discrete Lagrangian

@ The constraint distribution D,

Tp, : Dc — Q a vector subbundle of Er, rankD. = r

@ The discrete constraint embedded submanifold M.
im, : Mc — T is a embedded submanifold of I

Assumption
dmM.=dmD.=m+r, r<n

(Lg, Mc,D.) = a discrete nonholonomic Lagrangian system on I’
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g € T fixed
Cg ={(g1,.--,8n) € FN/(gk,ng) €l fork=1,.,N—1and g1...gv = g}
T(gl,gzw’gm)cg = {(Vl, Vo, ..., VN_1) | Vi € (Er)xk and xx = ﬁ(gk), 1 < k < N — 1}

discrete action sum

N

Sly: Cé,v — R (g1,.--,8n) — Z La(gx)
k=1

(VC)(511<~-1gN) = {(Vl, 000y VN_1) € T(glw_,gN)C;V/Vk € {1, o, N = 1}, Vk € Dc}

v

Discrete Holder's principle

gera (gla"'agN)ECév

(g1,--.,8n) is a solution of the discrete nonholonomic Lagrangian system

(Ld7 MC7 DC)

3
® g e M., Vkel{l,... N}

@ 6SLa|(veg,... 5y =0

EN
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N
(g17"'7gN) eCg

® g e M., Vke{l,... N} v
N—-1

® ) (d°(Laolg)+d°(Lao rg, o i))(e(B(gk) (o) sie)) =0
k=1

B(gk) = a(gk+1) = xk
N =2, (g7h)€r25 ﬁ(g):a(h)zx

(g, h) is a solution

3
(g, h) € M. % MC, do(Ld o /g +Lgor,o I.)(ﬁ(X))‘('pC)X E0)

Discrete nonholonomic Euler-Lagrange equations for the system (Lg, M, D)
Particular case:The system is unconstrained

(Mc - r7 D, = EF)

4
d°(Lgoly + Lygor,oi)(e(x)) =0

Discrete Euler Lagrange Equations for the Lagrangian Lg
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Alternative versions of the discrete nonholonomic E-L equations

{X*} a local basis of (DY)
(g:h) €Tz, Blg)=a(h)=xe€@

(g, h) is a solution

v
(g,h) € Mc x M

d°[Lgolg + Lgoroi](e(x))(v) = AaX(x)(v),
Ao = the Lagrange multipliers

r=Q xQ
(qo, q1) € M.

((90, q1), (q1, g2)) is a solution

(g1, 92) € M.

D>L4(qo, q1) + DiLa(q1, q2) = Ao A%(q1)

Cortés, Martinez (2001)
McLachlan, Perlmuther(2006)
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Discrete nonholonomic Legendre transformations

(Lyg, M, D.) a discrete nonholonomic Lagrangian system on I’

The (minus) discrete nonholonomic Legendre transformation

Fi(LdaMch) Mo — D:

F~Ly "

Er
iMC iDg

F~(Ly, M, D,
m—s L. p;
aw\‘ /Dj
Q
Fi(Ld,MC,DC)(h)(Ve(a(h))) = 7Ve(a(h))(Ld orpo I) J

Ve(a(h)) € Dc(a(h))
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@ The symplectic Lie algebroid 7+ : 7'T — T

T'r=V3ar Vo [-tangent bundle to '

(- ~]|Trr,pTrr) the Lie algebroid structure

The Poincaré-Cartan 2-section

Ly: T — R regular = Q. is symplectic

@ hel = 511’0) : (Er)am — (77 T)* = Vi3 ® Vi a a linear monomorphism

€ (Er)am = 1570 (Xn, Ya) = v(Th(i 0 1y )(Xn)),
(Xn, Yn) € T T = Vi & Vi

@ F a vector subbundle (of rank n4r) of 7 : T'F — T
hel = F = {3""/v € De(a(h)} C (T, T)’

@ hel=Hy=(pT )V YThM)NF CTT
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Theorem

Let (Ly, M., D.) be a discrete nonholonomic Lagrangian system. Then,
the following conditions are equivalent:

© The discrete nonholonomic Legendre transformation
F~(Ly, Mc,D¢) is a local diffeomorphism.

© For every h € M,
(0T ") H(TaMe) N Fi- = {0}

© For every h € M. the dimension of the vector subspace Hj, is 2r
and the restriction to the vector subbundle of the Poincaré-Cartan
2-section €2, , is nondegenerate

Fi- = {(Xp, Yn) € T'T/Qu,(A)((Xn, Ya), (X5, Y3)) =0, Y(Xp,Y}) € Fn}
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The (plus) discrete nonholonomic Legendre transformation

IF‘—’—(I-da-/\/lc’l)c) Mo — Di

Ftiy

F*(Lg, Mc, De)(8)(Ve(ae))) = Ve(Be))(Ldole),  Ve(s(e)) € Pe(B(8)
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°oger= {9 (Er)je — (ZgN) = VB ® Vja a linear

monomorphism. £
M€ (B = 7% (X Ye) = 1((Telg-1)(Ye))
(Xg: Ye) €Ty T = Ve @ Vga
@ F a vector subbundle (of rank n+r) of 7 : T'T — T
g el = Fl={119/y € De(5(g))°} C (T,T)"

0 gel=THg=(p" ") N(TZM)NF CTIT
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Theorem

Let (Ly, Mc,D.) be a discrete nonholonomic Lagrangian system. Then,
the following conditions are equivalent:

© The discrete nonholonomic Legendre transformation
F*(Lg, M¢, D) is a local diffeomorphism.

@ For every g € M,
(P" ") NTeMe) N Ff = {0}
© For every g € M, the dimension of the vector subspace 7:lg is 2r

and the restriction to the vector subbundle 7 of the
Poincaré-Cartan 2-section €2, is nondegenerate.

FgL ={(Xe, Ye) € Tgrr/QLd(g)((Xg’ Ye), (Xg: Yg)) = 0,Y(Xg, Yg) € Fe}
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Nonholonomic evolution operators and regular discrete

nonholonomic Lagrangian systems

(Ly, M, D.) a discrete nonholonomic Lagrangian system on I’

Ton s Mc — M. an smooth map

T, is a discrete nonholonomic evolution operator for (Ly, Mc, D;)

)

~ (gﬂ’rnh(g)) S r2« Vg S Mc

* (g, Thn(g)) is a solution of the discrete nonholonomic equations

do(l_d o /g + Lyo 7 on(g) © ’)(6(/3(3-)))\736(3@)) =0, Vg e M,

Fi(l-d~ McaDc) o Tnh = IE‘I+(Ldv-/\/lcw Dc)
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(Lg, Mc, D) is said to be a regular discrete nonholonomic Lagrangian system

)

F~(Ly, Mc,Dc) and F*(Ly, Mc, Dc) are local diffeomorphisms

Corollary

Let (Lg, Mc, D.) be a discrete nonholonomic Lagrangian system. Then, the
following conditions are equivalent:

@ The system (Lg, Mc, D) is regular.
@ The following relations hold

(pTrr)*l(ThMc) N Fi- = {0}, forall he M.,

(07 ) Y (TeMo) N EL = {0}, for all g € M..

© M and H are symplectic subbundles of rank 2r of the sympletic vector
bundle (7., T, Q).
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Theorem

Let (Lg, Mc,D.) be a regular discrete nonholonomic Lagrangian system
and (go, ho) € M. x M. be a solution of the discrete nonholonomic
equations for (Ly, M, D.). Then, there exist two open subsets Uy and
Vo of I', with g € Uy and hg € Vg, and there exists a local discrete
nonholonomic evolution operator T(Ld’MC’DC cUnNMe.— VN M.
such that:

o T Lc/,/\/lc7 c)(go) = ho;
QT, Ld’MC’D ) is a diffeomorphism and

QT Ld’MC’ <) is unique, that is, if U} is an open subset of I, with
£0 e U§, and Tpp s UyNn M — M is a (local) discrete
nonholonomic evolution operator then

L 7MC3DC
(T8 ))\ugmu(;mwc = (Tan) | UonuUsn M,

(Tg;yd’MmDC)) = (F_(Ld7M67DC)_1 © IE‘I-"_(Lth-/\/lt?ﬂIDC))IUoﬁ/\/lc
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Reversible discrete nonholonomic Lagrangian systems

(Lg, Mc, Dc) a discrete nonholonomic Lagrangian system on I’
(Lg, Mc, D) is said to be reversible if

LdOI':Ld,

i(Me) = M.

(Lg, Mc, D) is reversible
4
—F (Lg, Mc, D) o i

F*(Ly, Mc,De)

Corollary

Let (Lg, Mc, D.) be a reversible nonholonomic Lagrangian system on a Lie
groupoid . Then, the following conditions are equivalent:

@ The discrete nonholonomic Legendre transformation F~ (L4, Mc, D) is a
local diffeomorphism.

@ The discrete nonholonomic Legendre transformation F*(Ly, Mc,D¢) is a
local diffeomorphism.

Juan Carlos Marrero
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Proposition

Let (Lg, M., D.) be a reversible nonholonomic Lagrangian system on a
Lie groupoid I and (g, h) be a solution of the discrete nonholonomic
Euler-Lagrange equations for (Ly, M, D.). Then, (h=%, g~ 1) is also a
solution of these equations. In particular, if the system (Ly, M, D.) is

La,Mc,De) - , : ,
regular and 'Y‘Emd’M ) is the (local) discrete nonholonomic evolution

operator for (Ly, M., D.) then 'T‘E#f’M“’D“) is reversible, that is,

(Ld)MmDC) (LdaMmDC) —
Tnh Tnh -

ojo
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Lie groupoid morphims and discrete nonhomolomic

dynamics

o}

r > I
(of) ,

. . . - Q
a Lie groupoid morphism

E(®

E. ) £
b

Q - Q'

the corresponding Lie algebroid morphism
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Lie groupoid morphims and reduction

(Lg, Mc, D), (LY, ML, D) discrete nonholonomic Lagrangian systems on I’
and I’

0 Ly=1L4od
@ (g,h) elMn(Mcx Mo)/(P(g), P(h)) € M x M
0 (Epg)(®))(D(B(g))) = (D)Po(B(g))

3

(g, h) is a solution for (L4, Mc, D) if and only if (¢(g), P(h)) is a
solution for (L, M., D)
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The discrete nonholonomic momentum map

@ (Ly, M., D.) a regular discrete nonholonomic

Lagrangian systemon [ = @

7 : Er — @ the Lie algebroid of I

@ g a real Lie algebra of finite dimension
V: g — Sec(7) a R-linear map

x€ Q=g ={€g/V()(x) € (Dc)x}
o= @) =UwE)
xXEQ x€EQ
T:gP — Q
DC)*

™ : (g — @ the canonical projections
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The discrete nonholonomic momentum map

Jnh . i
r (a”)"

& : Q — g an smooth map /{(x) € g¥, Vx € Q
I

Jélh : I — R an smooth function

J2(g) = I"(8)(E(B(g))), Vg eET
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Ly is said to be g invariant with respect to W if

W(E)(Ly) — B(€)(Ls) =0, VEE g

Theorem

Let T, Ld’MC’DC) : Mo — M. be the local discrete nonholonomic evolution
operator for the system (Lg, Mc,Dc). If Ly is g-invariant with respect to

W : g — Sec(r) and £ : M — g is a smooth map such that £(x) € (Dc)x, for all
x € M, then

(TP g)) - M) =

= WEBTEP (g))) — EB(N(Th P () (La)

for g € M.

The discrete nonholonomic momentum equation
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& € g is a horizontal symmetry for the system (L4, M, D.) and the map
V:g— Sec(r)
)

V(E)(x) € (De)x, Vx €@

If Ly is g-invariant with respect to W and & € g is a horizontal symmetry

for (Lg, Mc,D.) and W : g — Sec(7) then Jgh : I — R is a constant of

the motion for 'T‘nﬁ,"’M“’D“), that is,

Jgh o TE#,CI,MUDC) = Jgh
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Some Examples

Discrete nonholonomic Lagrangian systems on Lie groups
G Lie group with Lie algebra g

I

G a Lie groupoid over a single point and g is the Lie algebroid associated with

G
(L4, Mc,D.) a discrete nonholonomic Lagrangian system on the Lie group G:

@ Ly: G — R a discrete Lagrangian
@ M. a submanifold of G

@ D. a vector subspace of g
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Some Examples

g1€Mc

(g1,82) € G x G is a solution of the discrete nonholonomic Euler-Lagrange
equations for (L4, Mc, D¢)
i

g ldla(g) — dla(g2)g: =Y N,
j=1

glEMc

X the Lagrange multipliers
{u;} a basis of D2

Notation: g, h € G, ap € T G
gan = (Tgl—1)(an) € TzG, ang = (Thgrg—1)(an) € Ty G.

Federov, Zenkov (2005)
McLachLan, Perlmutter (2006)
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Some Examples

An example of a discrete nonoholonomic Lagrangian systems on an Atiyah Lie

groupoid

"A (homogeneous) sphere of radius r > 0, mass m and inertia about any axis |
rolls without sliding on a horizontal table which relates with constant angular
velocity Q about a vertical axis through one of its points”

@ Configuration space
Q =R* x SO(3), (x,y;R) € Q
@ The Lagrangian function
L: TQ — R
Lx,yi Rok, 75 R) = 3 m(¥* + 7°) + 2 Itr(RRT(RRT)T)
@ The constrained submanifold M

M={(x,y;R %7 R)/  x+ 5tr(RRTE/) = -Qy
y — ttr(RRTEy) = Qx}

0 0 O 0 0 1 0 -1 0
Et=|1 0 0 -1 E = 0 0 O Ez = 1 0 0
0 1 0 -1 0 0 0- . 0-0
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The constrained system is SO(3)-invariant

I

(L', M) a constrained Lagrangian system on the corresponding Atiyah
algebroid

E'~TQ/SO(3) — R*

@ The vector bundle E/ = TQ/SO(3) = TR? x s50(3) — R?
@ The anchor map p’ : E' 2 TR? x 50(3) — TR? the projection over the
first factor

@ The Lie bracket on Sec(E’)
[, = s5, [se, 5] =3, [s5, 5] = s,
{s{}i=1,.. 5 the canonical basis of Sec(E’)
@ The reduced Lagrangian function:
L,y %,y w) = yml& + 77) + g hr(w?)
@ The reduced constraint submanifold
M = {(x,y, %, yiw)/x + %fr(sz) =—Qy,y - %tr(wEl) = Qx}
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Some examples

Objective

To discretize the nonholonomic Lagrangian system (L', M) on the Atiyah
algebroid E’ = TR? x 50(3) — R?

The discrete Atiyah groupoid
"~ R? x R? x SO(3) = R?

The discrete Lagrangian function

Using an approximation of the (local) inverse of the exponential map

exp : 50(3) — SO(3)
4

1 X1 — X =
L0, y0,00, 2 Wa) = o ml(Z 22 )% + (B 2007 +

h tr(Wl)

/
(2h)?
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Some examples

The discrete constraint submanifold M.

X1 — X0 r . _onty
h 1= 72htr(WlE2) = 972 5
yn— r . X1 + Xo
h f2htl’( W1E1) = 972 5

V.

The discrete constraint distribution

/ / / / / ’
D, =< {s5, 15 + 54, 5 — 53} >
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The discrete constrained Euler-Lagrange equations for

(Ly, Mc, De)

Lie algebroid morphism

X2 — 2x1 + Xo I yvo—y 0
h? I +mr2 2h -
p-2ntyn I x-x _
h? | +mr2 2h
tr((W1 — WQ)E3) =0
X2 —X1 Y2+ y
= — + —tr(W,E Q—— =
ot gt (WeE) + 97 0
Y2—n Xo+Xx1
h 2htr(W2E1) Q 5 =0

(X0, Y0, X1, y1; Wh) are known
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