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Abstract

We will prove that Lagrange’s equations for a Lagrangian system

on a Lie algebroid are precisely the equations for the critical points

of the action functional defined on the set of admissible curves

on a Lie algebroid with fixed base endpoints.
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Lie Algebroids

A Lie algebroid structure on the vector bundle τ : E →M is given

by

��� a Lie algebra structure (Sec(E), [ , ]) on the set of sections

of E, and

��� a morphism of vector bundles ρ : E → TM over the identity,

such that

. ρ([σ, η]) = [ρ(σ), ρ(η)]

. [σ, fη] = f [σ, η] + (ρ(σ)f) η,

where ρ(σ)(m) = ρ(σ(m)).

The first condition is actually a consequence of the second and the Jacobi identity.
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Examples

� Tangent bundle.

E = TM ,

ρ = id,

[ , ] = bracket of vector fields.

� Integrable subbundle.

E ⊂ TM , integrable distribution

ρ = i, canonical inclusion

[ , ] = restriction of the bracket to vector fields in E.

3



� Lie algebra.

E = g→M = {e}, Lie algebra (fiber bundle over a point)

ρ = 0, trivial map (since TM = {0e})
[ , ] = the bracket in the Lie algebra.

� Atiyah algebroid.

Let π : Q→M a principal G-bundle.

E = TQ/G→M , (Sections are equivariant vector fields)

ρ([v]) = Tπ(v) induced projection map

[ , ] = bracket of equivariant vectorfields (is equivariant).
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� Transformation Lie algebroid.

Let Φ: g→ X(M) be an action of a Lie algebra g on M .

E = M × g→M ,

ρ(m, ξ) = Φ(ξ)(m) value of the fundamental vectorfield

[ , ] = induced by the bracket on g.
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Mechanics on Lie algebroids

(Weinstein 1996, Mart́ınez 2001, de León et. al. 2004)

Lie algebroid E →M .

L ∈ C∞(E) or H ∈ C∞(E∗)

��� E = TM →M Standard classical Mechanics

��� E = D ⊂ TM → M (integrable) System with holonomic

constraints

��� E = TQ/G→M = Q/G System with symmetry

��� E = g→ {e} System on a Lie algebra

��� E = M×g→M System on a semidirect product (ej. heavy

top)
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Structure functions

A local coordinate system (xi) in the base manifold M and a local

basis of sections (eα) of E, determine a local coordinate system

(xi, yα) on E.

The anchor and the bracket are locally determined by the local

functions ρi
α(x) and Cα

βγ(x) on M given by

ρ(eα) = ρi
α

∂

∂xi

[eα, eβ ] = Cγ
αβ eγ .
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The function ρi
α and Cα

βγ satisfy some relations due to the com-

patibility condition and the Jacobi identity which are called the

structure equations:

ρj
α

∂ρi
β

∂xj
− ρj

β

∂ρi
α

∂xj
= ρi

γCγ
αβ

∑
cyclic(α,β,γ)

[
ρi

α

∂Cν
βγ

∂xi
+ Cµ

βγCν
αµ

]
= 0.
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Exterior differential

On 0-forms

df(σ) = ρ(σ)f

On p-forms (p > 0)

dω(σ1, . . . , σp+1) =

=
p+1∑
i=1

(−1)i+1ρ(σi)ω(σ1, . . . , σ̂i, . . . , σp+1)

−
∑
i<j

(−1)i+jω([σi, σj ], σ1, . . . , σ̂i, . . . , σ̂j , . . . , σp+1).
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Exterior differential-local

Locally determined by

dxi = ρi
αeα

and

deα = −1
2
Cα

βγeβ ∧ eγ .

The structure equations are

d2xi = 0 and d2eα = 0.
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Admissible maps and Morphisms

A bundle map Φ between E and E′ is said to be admissible map

if

Φ?df = dΦ?f.

A bundle map Φ between E and E′ is said to be a morphism of

Lie algebroids if

Φ?dθ = dΦ?θ.

Obviously every morphism is an admissible map.
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Lagrange’s equations

Given a function L ∈ C∞(E), we define a dynamical system on

E by means of a system of differential equations, which in local

coordinates reads

d

dt

(
∂L

∂yα

)
+

∂L

∂yγ
Cγ

αβyβ = ρi
α

∂L

∂xi

ẋi = ρi
αyα.

The equation ẋi = ρi
αyα is the local expression of the admissibility

condition: A curve a : R→ E is said to be admissible if

ρ ◦ a =
d

dt
(τ ◦ a).

In other words, if a dt : TR→ E is an admissible map.
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Prolongation

Given a Lie algebroid τ : E →M we can construct the E-tangent

to E (the prolongation of E). It is the vector bundle τ1 : T EE →
E where the fibre over a ∈ E is

T E
a E = { (b, v) ∈ Em × TaE | Tτ(v) = ρ(b) }

where m = τ(a).

Redundant notation: (a, b, v) for the element (b, v) ∈ T E
a E.
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The bundle T EE can be endowed with a structure of Lie alge-

broid. The anchor ρ1 : T EE → TE is just the projection onto

the third factor ρ1(a, b, v) = v.

The structure of Lie algebroid in T EE can be defined in terms of

the brackets of vertical and complete lifts

[ηC , σC ] = [σ, η]C , [ηC , σV ] = [σ, η]V and [ηV , σV ] = 0.
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Geometric Lagrangian Mechanics

Associated to L there is a section θL of (T EE)∗,

〈θL, ηC〉 = dηV L and 〈θL, ηV 〉 = 0.

A solution of Lagrange’s equations is an admissible curve a : R→
E which satisfies δL(ȧ(t)) = 0, where

〈δL(ȧ(t)), η(γ(t))〉 =
(
dηC L

)
(a(t))− d

dt

(
〈θL, ηC〉(a(t))

)
for every η ∈ Secγ(E) and where γ = τ ◦ a is the curve on the

base.

Variations ←→ Complete lifts
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The canonical involution

There exists a canonical involution χE : T EE → T EE.

It is defined by χE(a, b, v) = (b, a, v̄), for every (a, b, v) ∈ T EE,

where v̄ ∈ TbE is the vector which projects to ρ(a) and satisfies

v̄θ̂ = vθ̂ + dθ(a, b)

for every section θ of E∗.

In terms of the canonical involution, the complete lift of a section

η ∈ Sec(E) is given by

ηC(a) = χE

(
η(m), a, Tmη(ρ(a))

)
.
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The map Xi

Given an admissible curve a in E over γ = τ ◦ a we consider the

map Ξa : Secγ(E)→ Seca(TE) given by

Ξa(σ) = ρ1(χE(σ, a, σ̇)).

From the definition it is easy to prove the following property

Ξa(fσ) = fΞa(σ) + ḟσv
a,

for every function f ∈ C∞(R).

Complete lifts can be obtained in terms of the above map.

If a(t) is an admissible curve over γ, then ηC(a(t)) =
χE

(
η(γ(t)), a(t), d

dt (η(γ(t)))
)
. In other words,

ρ1(ηC) ◦ a = Ξa(η ◦ γ).
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Local expressions

Complete lift of η = ηαeα

ρ1(ηC) = ρi
αηα +

(
ρi

βyβ ∂ηα

∂xi
+ Cα

βγyβηγ
) ∂

∂yα

The canonical involution

χE(xi, yα, zα, vα) = (xi, zα, yα, vα + Cα
βγzβyγ)

The map Ξa is

Ξa(σ)(t) = ρi
α(γ(t))σα(t)

∂

∂xi

∣∣∣
(γi,aα)

+

+
(
σ̇α(t) + Cα

βγ(γ(t))aβ(t)σγ(t)
) ∂

∂yα

∣∣∣
(γi,aα)

where a(t) = (γi(t), aα(t)) and σ(t) = (γi(t), σα(t)).
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E-Homotopy

Let I = [0, 1] and J = [t0, t1], and (s, t) coordinates in R2.

Definition 1 Two E-paths a0 and a1 are said to be E-homotopic

if there exists a morphism of Lie algebroids Φ: TI × TJ → E

such that

Φ
(

∂

∂t

∣∣∣
(0,t)

)
= a0(t) Φ

(
∂

∂s

∣∣∣
(s,t0)

)
= 0

Φ
(

∂

∂t

∣∣∣
(1,t)

)
= a1(t) Φ

(
∂

∂s

∣∣∣
(s,t1)

)
= 0.

It follows that the base map is a homotopy (in the usual sense)

with fixed endpoints between the base paths.
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E-Homotopy.

Given a vector bundle map Φ: TR2 → E, denote a(s, t) =
Φ(∂t|(s,t)) and b(s, t) = Φ(∂s|(s,t)), so that we can write Φ =
adt + bds.

An E-path a0 is E-homotopic to an E-path a1 if and only if there

exists a(s, t) and b(s, t) such that

1. a(0,−) = a0 and a(1,−) = a1 (i.e. a(s, t) is a homotopy

from a0 to a1).

2. b(s, t0) = 0 and b(s, t1) = 0.

3. t 7→ a(s, t) and s 7→ b(s, t) are admissible curves.

4. dθ(a, b) = ∂
∂t 〈θ, b〉 −

∂
∂s 〈θ, a〉 for every section θ of E∗.
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E-Homotopy..

Equivalently:

An E-path a0 is E-homotopic to an E-path a1 if and only if there

exists a(s, t) and b(s, t) such that

1. a(0,−) = a0 and a(1,−) = a1 (i.e. a(s, t) is a homotopy

from a0 to a1).

2. b(s, t0) = 0 and b(s, t1) = 0.

3. t 7→ a(s, t) and s 7→ b(s, t) are admissible curves.

4. χE

(
b, a, ∂b

∂t

)
=

(
a, b, ∂a

∂s

)
.
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Construction of E-Homotopies

Let a0 be an E-path, with base path γ0, and η ∈ Sec(E). Let

(Φs, ϕs) be the flow of the section η and define

γ(s, t) = ϕs(γ0(t))

a(s, t) = Φs(a0(t)) and b(s, t) = η(γ(s, t)).

Then ξ = a(s, t)dt + b(s, t)ds is a morphism over γ.

Let m0,m1 ∈M and let η ∈ Sec(E) with compact support such

that η(m0) = η(m1) = 0. Let a0 be a curve such that its base

curve connects the point m0 with m1. Then the map ξ is an

E-homotopy from a0 to a1 = Φ1 ◦ a0.

Can be extended for time-dependent sections.
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E-path space

� Consider the set of E-paths

A(J,E) =
{

a : J → E

∣∣∣∣ ρ ◦ a =
d

dt
(τ ◦ a)

}
.

The E-homotopy equivalence relation defines a partition of the

space of E-paths into disjoint sets. We will see that every E-

homotopy class is a smooth Banach manifold and that such par-

tition is a foliation.

� A(J,E) is a Banach submanifold of the Banach manifold of C1-

paths whose base path is C2.
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� For a ∈ A(J,E), define the vector space

Σγ =
{

σ ∈ Seca(E)
∣∣ σ is C2 with σ(t0) = 0 and σ(t1) = 0

}
,

where γ = τ ◦ a. Define also the vector space Fa ⊂ TaA(J,E)
by Fa = Ξa(Σγ) and finally F = ∪a∈A(J,E)Fa ⊂ TA(J,E).

� F is a smooth integrable subbundle of the tangent bundle to

A(J,E) and the leaves of the foliation defined by F are pre-

cisely the E-homotopy classes. The codimension of F is equal to

dim(E).

� The E-path space with the appropriate differential structure is

P(J,E) = A(J,E)F .
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Global Frobenius theorem

Theorem 1 (Lang) Let F ⊂ TX be an integrable vector sub-

bundle of TX. Using the restrictions of distinguished charts to

plaques as charts we get a new structure of a smooth manifold on

X, which we denote by XF . If F 6= TX the topology of XF is

finer than that of X. XF has uncountably many connected com-

ponents, which are the leaves of the foliation, and the identity

induces an injective immersion i : XF → X.

If f : Y → X is a smooth map such that Tf(TY ) ⊂ F , then

the induced map fF : Y → XF (same values fF (x) = f(x)
but different differentiable structure on the target space) is also

smooth.
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Variational description

Fix m0,m1 ∈M and consider the set of E-paths with such base

endpoints

P(J,E)m1
m0

= { a ∈ P(J,E) | τ(a(t0)) = m0 and τ(a(t1)) = m1 }

It is a Banach submanifold of P(J,E).

Theorem 2 Let L ∈ C∞(E) be a Lagrangian function on the

Lie algebroid E and fix two points m0,m1 ∈ M . Consider the

action functional S : P(J,E)→ R given by S(a) =
∫ t1

t0
L(a(t))dt.

The critical points of S on the Banach manifold P(J,E)m1
m0

are

precisely those elements of that space which satisfy Lagrange’s

equations.
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Morphisms and reduction

Given a morphism of Lie algebroids Φ: E → E′ the induced map

Φ̂ : P(J,E)→ P(J,E′) given by Φ̂(a) = Φ ◦ a is smooth.

��� If Φ is fiberwise surjective then Φ̂ is a submersion.

��� If Φ is fiberwise injective then Φ̂ is a immersion.

Consider two Lagrangians L ∈ C∞(E), L′ ∈ C∞(E′) and

Φ: E → E′ a morphism of Lie algebroids such that L′ ◦ Φ = L.

Then, the action functionals S on P(J,E) and S′ on P(J,E′) are

related by Φ̂, that is

S′ ◦ Φ̂ = S.
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Theorem 3 (Reconstruction) Let Φ: E → E′ be a morphism

of Lie algebroids. Consider a Lagrangian L on E and a Lagrangian

L′ on E′ such that L = L′ ◦Φ. If a is an E-path and a′ = Φ◦a is

a solution of Lagrange’s equations for L′ then a itself is a solution

of Lagrange’s equations for L.

Theorem 4 (Reduction) Let Φ: E → E′ be a fiberwise surjec-

tive morphism of Lie algebroids. Consider a Lagrangian L on E

and a Lagrangian L′ on E′ such that L = L′ ◦ Φ. If a is a solu-

tion of Lagrange’s equations for L then a′ = Φ ◦ a is a solution

of Lagrange’s equations for L′.
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Theorem 5 (Reduction by stages) Let Φ1 : E → E′ and

Φ2 : E′ → E′′ be fiberwise surjective morphisms of Lie algebroids.

Let L, L′ and L′′ be Lagrangian functions on E, E′ and E′′, re-

spectively, such that L′ ◦ Φ1 = L and L′′ ◦ Φ2 = L′. Then the

result of reducing first by Φ1 and later by Φ2 coincides with the

reduction by Φ = Φ2 ◦ Φ1.
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Lagrange Multipliers Method

U and V Banach manifolds

G : U → V a submersion

C = {u ∈ U | G(u) = c } submanifold (c ∈ V )

F : U → R smooth function.

We look for the critical points of F subjected to the constraint

G(u) = c, that is, the critical points of the restriction of F to the

submanifold C.

Theorem 6 The function F has a critical point at u0 ∈ C con-

strained by G(u) = c if and only if there exists λ ∈ T ∗
c V such

that dF (u0) + λ ◦ TcG = 0.

30



In our problem

q : A(J,E)→ G the quotient map a 7→ [a]
Fix g ∈ G with source s(g) = m0 and target t(g) = m1. We

select an E-homotopy class as the set q−1(g).

Difficult to solve. Simplify by fixing an endpoint.

Manifold

A(J,E)m0 = { a ∈ A(J,E) | τ(a(t0)) = m0 } .

Smooth map

p : A(J,E)m0 → s−1(m1) p(a) = Lg−1(q(a)).

Constraint p(a) = ε(m1).
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Proposition 1 The tangent map to p at a ∈ p−1(ε(m1)) is

Tap(Ξa(σ)) = σ(t1)

for every σ ∈ Secγ(E) such that σ(t0) = 0.

It follows that p is a surjective submersion.

Theorem 7 Let Sm0 be the restriction of the action functional

S to the submanifold A(J,E)m0 . An admissible curve a ∈
A(J,E)m0 is a solution of Lagrange equations if and only if there

exists λ ∈ E∗
τ(a(t1))

such that dSm0(a) + λ ◦ Tap = 0.
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The multiplier λ is related with the momenta defined by the La-

grangian:

the equation 〈dS(a), v〉+ 〈λ, Tap(v)〉 for v = Ξa(σ), reads∫ t1

t0

〈δL(ȧ(t)), σ(t)〉 = 〈θL(a(t1))− λ, σ(t1)〉.

For a solution a of Lagrange equations, δL(ȧ(t)) = 0, and since

σ(t1) is arbitrary, we have that

λ = θL(a(t1)).
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Conclusions

� The Euler-Lagrange equations for a Lagrangian system on a Lie

algebroid are the equations for the critical points of the action

functional defined on the space of E-paths on the Lie algebroid.

� Variations are curves in a manifold (infinite dimensional) and the

action is stationary.

� It is not a variational principle of nonholonomic type, it is neither

a vakonomic principle.
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� Reduction by a symmetry group does not destroy the variational

character of the problem.

� One can also obtain such equations by using Lagrange multiplier

method (at least in the integrable case), but not in the heuristic

classical form.

� The variational character of the equations of motion has nothing

to do with the integrability of the Lie algebroid by a Lie groupoid.
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