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Outline of the Talk

e Why is it important Geometric integration?
@ Discrete Mechanics
@ Groupoids and Mechanics
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@ Motion is described by differential equations derived from
laws of physics
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@ Motion is described by differential equations derived from
laws of physics
d*x dx
e F(t,x, a)
@ The equations contains not just a statement of acceleration
but all the physical laws relevant (phase space, symmetries,
invariance properties...)
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@ Conservation laws. Functions that stay constant along the
solution trajectories. For example, the energy H(q(t), p(t))
of the Hamiltonian system

dg oH

oH ap _ on
dt  op

remains constant along a solution trajectory.
p,g e R = M={(x,y) € R? x R [H(x,y) =

H(a(0),p(0))}
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@ Symmetries. Transformations which, when applied to
dependent or independent variables, gives another
solution to the same system of differential equations.
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@ Conservation laws. Functions that stay constant along the
solution trajectories. For example, the energy H(q(t), p(t))
of the Hamiltonian system

dg oH

oH ap _ on
dt  op

(q,p), it = 2g

remains constant along a solution trajectory.
p,g e R = M={(x,y) € R? x R [H(x,y) =

H(q(0),p(0))}
Differentiable manifolds

@ Symmetries. Transformations which, when applied to
dependent or independent variables, gives another
solution to the same system of differential equations.
Lie groups
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@ Symplectic structure in Hamiltonian systems.
Symplecticity:
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e Standard methods for simulating motion called numerical
integrators completely ignore all of the previous hidden
physical laws.

@ Since about 1990 new methods have been developed called
geometric integrators which obey some of these extra laws.
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e Standard methods for simulating motion called numerical
integrators completely ignore all of the previous hidden
physical laws.

@ Since about 1990 new methods have been developed called
geometric integrators which obey some of these extra laws.

Disadvantages:

© The hidden physical law usually has to be known if the
integrator is going to obey it.

@ Because we are asking something more of our method it
may turn out to be computationally more expensive than a
standard method.

@ Many systems have multiple hidden laws for which
methods are currently known which preserve any one law
but not all simultaneously.
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Advantages

© Simulations can be run for enormously long times because
there are no spurious non physical effecs such as
dissipation of energy in a conservative systems.

@ By studying the structure of the equations very simple fast
and reliable geometric integrators can often be found.

© In some situations results can be guaranteed to be
qualitatively correct.

© For some systems even the actual quantitative errors are
much smaller for short, medium and long times than in
standard methods.
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It is natural to look forward to those discrete systems which
preserve as much as possible the intrinsic properties of the
continuous system.

Feng Kang 1985

Figure: (Feng Kang 1920-1993)
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Differential geometry (Geometric mechanics)

4

Geometric integration
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explicit Euler, i = 10 implicit Euler, i = 10

(Hairer, Lubich and Wanner 2002: Geometric Numerical Integration, page 12)
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(Hairer, Lubich Wanner 2002: Geometric Numerical Integration, page 176)
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They throw geometry out of the door, and it comes back
through the window.

H.G. Folder, Auckland 1973,
reading new mathematics at the age of 84
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Hamilton'’s principle

Obtain numerical integrators from a discrete version
of variational Hamilton’s principle
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Hamilton'’s principle

Obtain numerical integrators from a discrete version
of variational Hamilton’s principle

Define the set C2(qq, q1; [to, t1]) as the C2-curves o : [tg, t1] — Q
such q(to) = qo and q(t1) = 1.
q1
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Hamilton'’s principle

Obtain numerical integrators from a discrete version
of variational Hamilton’s principle

Define the set C2(qq, q1; [to, t1]) as the C2-curves o : [tg, t1] — Q
such q(to) = qo and q(t1) = 1.
q1

F: CZ(qO/ql;[tOItl]) — R
al-) —  [{ Lt q(t), q(t) dt

L lagrangian function L: R x TQ — R.
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Hamilton’s principle = 5 ﬁ; L(t,q(t),q(t)dt=0
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ty

La(do, a1, to, t1) ~ j L(t,q(t), 4(t)) dt

to

h

Lalqo, qu,h) ~ JO L(t, q(t), (1)) dt

Forhfixed,[4:Q x Q — R

©variaci om
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DISCRETE MECHANICS

Q n-dimensional differentiable manifold Lg:Q x Q — R
discrete lagrangian.

Action: S: QN R

N—-1

S=) Laldk qis1)
k=0

Discrete Euler-Lagrange equations (DEL))
DiLa(dx, dk+1) + DaLlal(qr—1,dx) =0

%
0 QxQ — QxQ
(do,d1) +— (q1,92)

F .
L Discrete flow
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Momentum preservation

L4 is G-invariant

Ja:QxQ—g"

(Ja(x,u),&) = (DaLa(x,u), & (y))

(D2La(qk—1, k), &qlax)) = (D2Lalax, dx+1), £ (dx+1))
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Symplecticity

Flyg: QxQ — T*Q
(X/U) — (XI_DlLd(le))

Flg: QxQ — T*Q
(Xry) — (U/DZLd(X/y))

wr,; = (lFiI_d)*wQ
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Symplecticity

Flyg: QxQ — T*Q
(X/U) — (X,—D1Ld(X,y))

Flg: QxQ — T*Q
(Xry) — (U/DZLd(X/y))

wr,; = (lFiI_d)*wQ

The discrete flow preserves the symplectic form F{ (wi,) = wr,
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Discrete momentum

Denote by
Pixer = P (di drr1) =F Laldx, dist)
Prri1 = P (A dk+1) =F Laldk, dr+1)

Discrete Euler-Lagrange equations

)

Jr . .
Pr—1,k = Prxa1

F'La(dx—1,dk+1) = F Lalqk, dx+1)

A unique momentum at time kh.

]F+I_d = ]FiLd o F[_d
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Discrete hamiltonian flow

Fr,
(do, q1) ~(q1, q2)
/ \FLL(/ \FJa
(do, Po) ~(q1,P1) (q2,p2)
G, Gi,

G, :T"Q — T"Q

Gr, = F'lLgoF o(F'Lg) !
G, = FlgoF o(FLg) !
GL Frlgo(F Lg) ™"

d

Gp,wq = wq
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Discrete exact lagrangian

Let L be a regular lagrangian

h
LE (qo, a1, 1) = JO L(c(t), é(t)) dt

for qp and q; enough close and h small. Herec: I C R — Q is
the unique solution of the Euler-Lagrange equations for L
which satisfies c(0) = qp and c¢(h) = q;.
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Lemma: Denote by FL: TQ — T*Q the Legendre
transformation, then

FTL5(qo, q1,h) = TFL(c(h),¢(h))
F~L§(qo,q1,h) = TFL(c(0),¢(0))

Proof

0o L0d 9do 99 0do
4Wﬁ_dﬂ]%d_m-%h

0o [0d dtdq| 9qo g 0qplo
oL

— ﬁ(c(O),C(O)):IFL(C(O),C'(O))

FLE (a0, quh) Jh{aL dc oL ac}
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VARIATIONAL INTEGRATORS

If the discrete Lagrangian is an approximation to a
continuous Lagrangian then the discrete system is a
numerical integrator for the continous system.

@ Symplectic

@ Momentum preserving
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VARIATIONAL INTEGRATORS

If the discrete Lagrangian is an approximation to a
continuous Lagrangian then the discrete system is a
numerical integrator for the continous system.

@ Symplectic
@ Momentum preserving

E. Hairer, C. Lubic and G. Wanner: Geometric Numerical
Integration, Structure-Preserving Algorithms for Ordinary
Differential Equations, Springer Series in Computational
Mathematics 31, Springer-Verlag Berlin Heidelberg, 2002.

J. E. Marsden and M. West: Discrete mechanics and variational
integrators, Acta Numerica 2001, 357-514.
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Reduction of mechanical systems: Euler-Poincaré

reduction.

Let G be a Lie group and let G act on itself by left translation
and hence, by tangent lift, on its tangent bundle TG. Let

L: TG — Rbe a G-invariant Lagrangian.

Then, L is completely determined by its restriction to the
tangent space at the identity e. Identifying T.G with the Lie
algebra g of G, we definel: g — R.

The velocity of the system is given by ¢(t), thought of as a
tangent vector to G at g(t). The body velocity is defined by
£(t) = g(t)1g(t), the left translation of g(t) to the identity.
Theorem (Euler-Poincaré reduction)

A curve g(t) in G satisfies the Euler-Lagrange equations for L iff
&(t) satisfies the Euler-Poincaré equations for 1:

dat_ .3
dtog ~  %og
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Theorem

Let G be a Lie group and Ly : G x G — R a discrete lagrangian
left G-invariant (Lq(hgx, hgk+1) = La(gk, gkr1) forall h € G).
For a curve (gy, gkt11) € G X G, consider Wy, = gglgkﬂ and
defined the reduced lagrangian 14 : G — R by

la(Wi) = La(e, Wi).

D. Martin de Diego — ICMAT (CSIC-UAM-UC3M-UCM)



Then, the following are equivalent

(i) (gx)ogkgnN satisfies the Discrete Euler-lagrange equations
forLy ;

(i) (gx)ickgN extremizes the discrete action

N
(g)ocken — D Lalgk, gicr1)
k=0
for variations with fixed initial and final points.

(iii) (Wx)ogkgN-—1 satisfies the following discrete Euler-Poincaré
equations:

Riy, La(Wi) — Ly, 14(Wieq) =0,k =1,...,N—1

(iv) (Wi)igkgn—1 extremizes
(Wi)ogkeN—1 — Z]T;ol 1q(Wy) for variations of the form
5Wk = _Zka + szk+1 with ZO = ZN =0.
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Reduction of mechanical systems: Lagrange-Poincaré

reduction.

Assume Q is Riemannian (the metric often being the kinetic
energy metric) and that G acts on Q freely by isometries, so
Q — Q/G s a principal bundle. If we declare the horizontal
spaces to be metric orthogonal to the group orbits, this
uniquely defines a connection called the mechanical
connection. The space Q/G is called shape space.

TQ/G=T(Q/G) &3

If we have an invariant Lagrangian on TQ it induces a
Lagrangian lon (TQ)/G and hence on T(Q/G) & §.

Reduced Euler-Lagrange equations
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L:TQ — R

L:g— R

L:(TQ)/G — R

ISIT POSSIBLE TO CONSTRUCT VARIATIONAL
INTEGRATORS FOR REDUCED SYSTEMS?
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L:TQ — R

L:g— R

L:(TQ)/G — R

ISIT POSSIBLE TO CONSTRUCT VARIATIONAL
INTEGRATORS FOR REDUCED SYSTEMS?

TQw~»QxQ
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Mechanics on Lie groupoids

The pair or banal groupoid

QxQ
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Mechanics on Lie groupoids

The pair or banal groupoid

QxQ
x:QxQ—0Q ;0 (9,4') —q,
B:QxQ—Q ;0 (a,9") —4d/,
€e:Q—0QxQ ;0 d—1(qg,q),
m:(QxQ)k2—QxQ ; (q,4),(qa’,9") — (q,9"),
i:QxQ—QxQ ;0 (9,4") —(d’,q9).
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Mechanics on Lie groupoids

The pair or banal groupoid

QxQ
x:QxQ—0Q ;0 (9,4') —q,
B:QxQ—Q ;0 (a,9") —4d/,
e:Q—QxQ ;0 d—1(qg,q),
m:(QxQpr—QxQ ; (q,49),(a,q9”") — (a,q"),
i:QxQ—QxQ ;0 (9,4") —(d’,q9).

The product manifold Q x Q = Q is a Lie groupoid over Q.
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T2

If q is a point of Q, it follows that
Thus, the linear maps

Yq:TqQ — Ve(q)&, vq — (0g,vq),

induce an isomorphism (over the identity of Q).
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Groupoids: some history

@ Groupoids were introduced by H. Brandt in 1926:

H. Brandt: Uber eine Verallgemeinerung des
Gruppenbegriffes, Math. Ann. 96 (1926), 360-366.

Brandt’s definition of groupoid arose out of his work on
generalizing to quaternary quadratic forms a composition
of binary quadratic forms due to Gauss.

@ The use of groupoid was expanded greatly by C.
Ehresmann from 1950 in various main areas (differential
geometry and differential topology). Groupoid techniques
in foliation theory were developped by Haefliger.
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@ In algebraic geometry, A. Grothendiek used groupoids
extensively, especially, to study the equivalence relations
which arise in the construction of moduli spaces.

@ G. Mackey in analysis, A. Connes in noncommutative
geometry, P. Higgins, R. Brown in algebraic topology, etc

@ J. Pradines for the extension of Lie theory from
differentiable groups to groupoids. See also the book by K.
Mackenzie...

@ A. Weinstein for the extension to MECHANICS...
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Lie groupoids

A groupoid over a set M is a set G together with the following
structure maps:

@ A pair of maps «: G — M, the source, and 3 : G — M, the
target. These maps define the set of composable pairs

G2 ={(g,h) € G x G/B(g) = a(h)}.

g

TR

-. % . Iy
y=alg) = d(g)
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@ A multiplication m : G, — G, to be denoted simply by
m(g, h) = gh, such that

e a(gh) = «(g) and B(gh) = B(h).
o g(hk) = (gh)k.

gh

.
alg) = algh) Hg) =alh) Alk) = digh)

@ An identity section € : M — G such that
° ¢(a(g))g =gand ge(B(g)) = g.
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@ Aninversion map i: G — G, to be denoted simply by
i(g) = g1, such that
° g 'g=¢(B(g)) and gg~! = e(x(g)).

AN

1 1y

Blg~")=alg) . T Blg)=alg™)

The groupoid G = M is said to be a Lie groupoid if G and M
are manifolds and all the structure maps are differentiable with
o« and 3 differentiable submersions.
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aAibers
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If x € M, a 1(x) (resp., B~1(x)) will be said the a-fiber (resp.,
the B-fiber) of x.

If g € G then the left-translation by g € G and the
right-translation by g are the diffeomorphisms

lg:a 1 (B(g)) — al(x(g)), ; h—1lg(h)=gh,
rg: BN alg)) — B 1(B(g)), ; h—r4(h)=hg.

A vector field X on G is said to be left-invariant (resp.,
right-invariant) if it is tangent to the fibers of « (resp., 3) and
X(gh) = (Tnlg)(Xn) (resp., X(gh) = (Tgmn)(X(g)), for

(g,h) € Gy.
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Lie algebroid associated with G

We consider the vector bundle 1: AG — M, whose fiber at a
point x € M is

AXG = Ve[X)OC = KCT(Te(X)(X)

It is easy to prove that there exists a bijection between the space
I'(T) an the set of left-invariant (resp., right-invariant) vector
fields on G. If Xis a section of T: AG — M, the corresponding
left-invariant (resp., right-invariant) vector field on G will be
denoted X (resp., Y).
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Using the above facts, we may introduce a Lie algebroid
structure on AG:
-

X, Y1 =1X, Y], p(X)(x) = (Te(x)B)X(x)),

for X,Y € I'(t) and x € M.
Note that

Given a section X of T: AG — M, then the corresponding left
and right-invariant representatives are related by the inversion
map:

— — —
TioX =—Xo1i and TioX =—X o1
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ANDROIDS
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Examples of Lie groupoids

Q Lie groups G.

a(g)=¢, PBlg)=¢, e(e)=¢ i(g)=9g ', m(g,h)=gh

Gwg
@ The banal groupoid Q x Q.

(X(X/y) =X, B(X/y) =Y, €(X) = (X/X)/ 1(X/y) = (y,x)
m((x,y), (U,Z)) = (X/Z)

QxQ~TQ
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Action Lie groupoids

Let G =3 M be a Lie groupoid and 7 : P — M be a smooth map.
If P xxo G ={(p,g) € Px G/n(p) = x(g)} then a right action of
G on 7 is a smooth map

PxqG—P, (p/g) — Py,

which satisfies the following relations

n(pg) = PB(g), for(p,g) €P xx«G,
(pg)h = pl(gh), for(p,g) € P xx« Gand(g,h) € Gy, and
pe(n(p)) = p, forp € P.

Given such an action one constructs the action Lie groupoid
P X« G over P by defining

(ECT[:PT[XCXG—>P ; (p,g) — 1,

Pr:Paxe G —P ;o (p9) — g,
Ex:P—PxxG ;P — (p,e(n(p))),

My (PaxXa G2 — Paxa G ; (p,9), (g, h)) — (p, gh),

(
iﬂ:PﬂX“G—>P7tX(XG ; (prg)—>(pgrgil)
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Now, if p € P, we consider the map p - : o« !(7(p)) — P given
by

p-(g9) =pg.
Then, if T: AG — M is the Lie algebroid of G, the R-linear map
® : T(t) — X(P) defined by

O(X)(p) = (Te(npyP J(X(n(p))), forX € T(v)and p € P,

induces an action of AG on 7t: P — M. In addition, the Lie
algebroid associated with the Lie groupoid P ,x« G =3 P is the
action Lie algebroid AG x 7.
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3 Atiyah or gauge groupoids. Let p : Q — M be a principal
G-bundle. Then, the free action, ®: G x Q — Q,
(g9,9) — @(g,q) = gq, of G on Q induces, in a natural way,
afreeaction® x ®:Gx (QxQ)—QxQof GonQ xQ
given by (@ x ®@)(g,(q,q9")) = (9q,9q’), for g € G and
(d,9’) € Q x Q. Moreover, one may consider the quotient
manifold (Q x Q)/G and it admits a Lie groupoid
structure over M with structural maps given by

&:(QxQ)/6—M ; llg,9)] — pla),
f:(QxQ)/G—M ;0 a9 —pla’),

E:M— (QxQ)/G ;0 x—(q,q)], ifp(q)=x,
m:((QxQ)/G — (QxQ)/G ; (llg,a")] lga’,a")]) — [(gq,q9")],
1:(QxQ)/G — (QxQ)/G ;0 Ua,aM)] — [(a’, q)].

This Lie groupoid is called the Atiyah (gauge) groupoid
associated with the principal G-bundlep : Q — M.

(Q xQ)/G» (TQ)/G
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A. Weinstein: Lagrangian Mechanics and groupoids, Fields
Inst. Comm. 7 (1996), 207-231.

J.C. Marrero, D. Martin de Diego, E. Martinez: Discrete
Lagrangian and Hamiltonian Mechanics on Lie groupoids,
Nonlinearity 2006.

D. Martin de Diego — ICMAT (CSIC-UAM-UC3M-UCM)



Discrete Unconstrained Lagrangian Systems

L4 : G — R Discrete lagrangian, geG
o Admissible sequences

Co{(g1,---,an) € GN [ (gk, gkr1) € Grand g1 ... gn = g}
e Infinitesimal variations

.....

e Discrete action sum

N
SLa(g1,---,9n) = ) Lalgi)
k=1
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(g1,.-.,9N) a solution of the discrete unconstrained
Euler-Lagrange equations for Lq if

N-—-1
Y d°[Lgolg, +Laorg,,, o (e(xk))(ag),, =0
k=1

Blgr) = x(grs1) = xk

The discrete unconstrained Euler-Lagrange operator
DDELLd . G2 — AG*

(Dperla)(g, h) =d°[Laolg +Lgorhoil(e(x))ag), =0,

for (g,h) € G, with B(g) = a(h) =x € M.
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The Lie algebroid tg : TG — G

Tc:TSG = VP &g Va — G Lie algebroid

G
(pT G)(XgrYg) = Xg +Yg

—_

[(Y,V),( "YNITE = (=X, XL IV, YD), for X,Y, X, Y € Sec().
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Discrete Poincaré-Cartan sections

e Poincaré-Cartan 1-section @{d

@Ed(g)(ngYg) = —Xg4(La),
@fd(g)(Xg,Yg) = Ygy(La),

foreach g € Gand (Xq,Yg) € T$G = Vyp & Vya.

e Poincaré-Cartan 2-section Qp ,

Qr, =dO;, =—de;

D. Martin de Diego — ICMAT (CSIC-UAM-UC3M-UCM)



Discrete unconstrained Lagrangian evolution operator

Let Y : G — G be a smooth map such that:
- graph(Y) C Gy, thatis, (g,Y(g)) € Go, forallg € G

- (g,7(g)) is a solution of the discrete unconstrained
Euler-Lagrange equations, for all g € G, that is,
(Dpetrlal(g, Y(g)) =0, forall g € G.

X (g)(La) — X(Y(g))(Lg) =0,

for every section X € Sec(t) and every g € G.
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Discrete Flow. Regularity

Y : G — G second order operator
JY :T¢G — TCG Lie algebroid morphism over Y : G — G

rJ,g’T(Xg/Yg) = ((Tg(TgY(g) Oi))(Yg)/ (TgT)(Xg)
+(T9Y)(Yg) - Tg(rgY(g) o i)(Yg))r

forall (Xg,Yg) € TSG = Vg & Vgor.
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Discrete Flow. Regularity

Y : G — G second order operator
JY :T¢G — TCG Lie algebroid morphism over Y : G — G

r-Tg’Y(Xg/Yg) = ((Tg(TgY(g) Oi))(Yg)/ (Tgy)(xg)
+(T9Y)(Yg) - Tg(rgY(g) o i)(Yg))r

forall (Xg,Yg) € TSG = Vg & Vgor.

The map Y is a discrete unconstrained Lagrangian evolution
operator for Lq if and only if (TY,Y)*Or = @fd.

Proposition (Y : G — G is a discrete flow)
If Y : G — G is a discrete unconstrained Lagrangian evolution
operator then

(TY,V)*Qr, =Qr,
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A discrete Lagrangian L4 : G — R is regular if the
Poincaré-Cartan 2-section Q) , is symplectic.
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A discrete Lagrangian L4 : G — R is regular if the
Poincaré-Cartan 2-section Q) , is symplectic.

La : G — Rbe a regular discrete Lagrangian function and
(go, ho) € G x G be a solution of the discrete E-L equations for
La.
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A discrete Lagrangian L4 : G — R is regular if the
Poincaré-Cartan 2-section Q) , is symplectic.

La : G — Rbe a regular discrete Lagrangian function and
(go, ho) € G x G be a solution of the discrete E-L equations for
La.

= there exists a (local) discrete unconstrained Lagrangian
evolution operator Y, : Uy — Vp such that

- YLd (90) = hOI

- Y, is a diffeomorphism and

- Y, is unique, that is, if U} is an open subset of G, with
go € Uy, and ¥y : Uy — Gis a (local) discrete Lagrangian
evolution operator then

_ /
YLd|UoﬁU6 - YLd‘Ugﬁu[/)'
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Discrete unconstrained Legendre transformations

Laq : G — R discrete Lagrangian

The discrete unconstrained Legendre transformations
FLsg:G—AG*and F'L4:G — AG*

(F La)(W)(Ve(a(h))) = —Ve(a(h))(La 0 Th 01), for vy (n)) € (AG) g (n
(F"La)(9)(ve(p(gn) = Vep(a))(Laolg), forvep(g)) € (AG)p(q)-

Lq isregular <= F'L, is alocal diffeomorphism
<= [ L4 is alocal diffeomorphism
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J.C. Marrero, D. Martin de Diego, E. Martinez: Discrete
Lagrangian and Hamiltonian Mechanics on Lie groupoids,
Nonlinearity 2006.

@ We introduce two Poincaré-Cartan 1-sections @f and O,
and a unique Poincaré-Cartan 2-section, Q.

@ We study the discrete Lagrangian evolution operator
& : G — G and its preservation properties.

@ Reduction theory is established in terms of morphisms of
Lie groupoids.

@ The associated Hamiltonian formalism is developed using
the discrete Legendre transformations F*L: G — A*G and
FL:G— A*G.

@ A complete characterization of the regularity of a
Lagrangian on a Lie groupoid is given in terms of the
symplecticity of Q.

@ We prove a Noether’s theorem for discrete Mechanics on
Lie groupoids.
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Example: The heavy top

As a concrete example of a system on a transformation Lie
groupoid we consider a discretization of the heavy top. In the
continuous theory (as Juan Carlos explained yesterday), the
configuration manifold is the transformation Lie algebroid
7:5% x s0(3) — S% with Lagrangian

1
L.(T,Q) = EQ 1O —mgll - e,

where Q € R3 ~ s0(3) is the angular velocity, I is the direction
opposite to the gravity and e is a unit vector in the direction
from the fixed point to the center of mass, all them expressed in
a frame fixed to the body. The constants m, g and 1 are
respectively the mass of the body, the strength of the
gravitational acceleration and the distance from the fixed point
to the center of mass. The matrix I is the inertia tensor of the
body.
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In order to discretize this Lagrangian it is better to express it in
terms of the matrices Q € so(3) such that Qv = Q x v. Then

A
L.(I,Q) = 5 Tr(QIQT) — mgll - e.

where I = %TI'(I)Ig —L
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In order to discretize this Lagrangian it is better to express it in
terms of the matrices Q € so(3) such that Qv = Q x v. Then

A
L.(I,Q) = 5 Tr(QIQT) — mgll - e.
where [ = %TI'(I)Ig —L

We can define a discrete Lagrangian L4 : G = $2xSO(3) - R
for the heavy top by

1
Ld(Fk,Wk) = —E TI‘(IWk) — hmgle -e.
which is obtained by the rule

O =RTR~ Rl (Rgs1 — Ry) = £ (Wi — I3), where
Wi = RERi41.
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The value of the action on an admissible variation is

At) = La(N, Wie™) + Lie  *Ther1, e M Wiyq)

1
= [Tr(IWketK) + mglh®ly - e + Tr(Ie Wi 1) + mglh?(e iy - e] ,

where .1 = WTTy (since the above pairs must be composable) and

K € s0(3) is arbitrary.

Taking the derivative at t = 0 and after some straightforward
manipulations we get the DEL equations

M1 — W MWy + mglh2(Mq x e) =0

where M = WI — IWT. Finally, in terms of the axial vector ITin
R3 defined by T = M, we can write the equations in the form

M1 = Wi T + mglh®, g x e.
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Example: Elroy’s beanie

This system is probably the more simple example of a
dynamical system with a non-Abelian Lie group symmetries. It
consists in two planar rigid bodies attached at their centers of
mass, moving freely in the plane.

Configuration space: The configuration space is Q = SE(2) x S!
with coordinates (x,y, 0,1), where the three first coordinates
describe the position and orientation of the center of mass of
the first body and the last one the relative orientation between

both bodies.
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Lagrangian function. We consider the Lagrangian

- 1 1., 1 . .
L0y, 0,0, % 9,0,h) = Sm(x*+y%) 4+ 5107+ 512 (64+9)* V(W)
where m denotes the mass of the system and I; and I, are the
inertias of the first body and the second body, respectively;
additionally, we also consider a potential function of the form

V().

Symmetry. The symmetry group we consider is G = SE(2). The
Lagrangian L is SE(2)-invariant.
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Continuous system

R:TQ/SE(2) — R

) 1 1 1 LI
R, b, Q) = =m(Q2+ Q%)+ = ([; + ) Q2 + -~ 12
(b, b, Q) Zm( 1+ 2)+2(1+ 2) 3+2Il+12

P2 - V()
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Continuous system

R:TQ/SE(2) — R

. 1 1 1 LI
R, h, Q) = =m(Q2+02) + (I} +1,)Q2 + = 12
(b, b, Q) Zm( 1+ 2)+2(1+ 2) 3+2Il+12

P2 - V()

Lagrange-Poincaré equations

Q1 = 0,03 — )0y

Qz = —0103+ ﬁﬂ)Ql
Q3 = 0
.. oV
L1
111%211) = _ﬁ
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Discrete system
We introduce the discrete Lagrangian 15 on (Q x Q)/SE(2)

given by
R Qi Qoane, Q -1 Q? Q2
a1, Qs Qe Qi) = o™ [k + Q00
L+D 1 LL (Ape\® bk + i
1— cos(Q = _ (kT Tk
Ty (1 cosl (3’k]]+211+12( h Vi)
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Discrete system
We introduce the discrete Lagrangian 15 on (Q x Q)/SE(2)
given by

1
1 (Wi, Vi1, Qe Qe Qand = 55m [Q%Uk + Q%z]k}

2h2
L+ 1 LL (A e+
1 —cos(Q = — (T
T [ cos( (3’k]]+211+12( h Vi)

Discrete Lagrange-Poincaré equations

Qyies1 = Quyx cos(Q ez + hITZIZA‘Pk) — Q)i sin(Q 3y + hITZIZA‘Pk)
Q@)1 = Qe sin(Qzy + hITZIZA‘Pk) + Q 2y cos(Q iz + hITZIzA‘Pk)

Q@ = Qe
Ll Y =20kt 1 ﬂ(ﬂ)kﬂ + W1 )+ ﬂ(ﬂ)kﬂ +1l)k)
L+ h2 2 \ oy 2 onp 2
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Discrete generalized Holder’s principle

G 3 Qaliegroupoid;, dimG=m+n, dimQ=m
vwpP:G—=Q, e:Q—-Gi:G—G, m:G,— G

T7:AG — Q the Lie algebroid of G
Generalized discrete nonholonomic (or constrained)
Lagrangian system
@ L4 : G — Raregular discrete Lagrangian
@ The constraint distribution D
Tp, : De — Q a vector subbundle of AG, rankD. =r
@ The discrete constraint embedded submanifold M
iy, : M — G is a embedded submanifold of G
Assumption

dmM. =dimD.=m+71, r<n

(La, M, D¢) = adiscrete nonholonomic Lagrangian system on G
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g € G fixed
ey =1{(g1,--.,9n) € GN/(gr, gii1) € Gy, fork=1,.,N—Tand g;...gn = g}

Tig9200)Cy = {(vi, V2, ..., vn1) [ Vi € (AG)y, and xic = B(gi), 1 <k <K N —1}

Discrete action sum

N

SLa:CY — R (gy,...,9n) — > Lalgy)
k=1
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Discrete Holder’s principle

Discrete Holder’s principle
QGG, (glr---/gN)Eegl

(g1,.-.,9n) is a solution of the discrete nonholonomic
Lagrangian system: (Lg, M, D) if

0

@ greM., Vke{l,...,N}
o 68Ld|(\7¢) =0

919N

D. Martin de Diego — ICMAT (CSIC-UAM-UC3M-UCM)



(911---/9]\1) € e];

(8
@ gr e M., Vke{l,...,N}
N-—-1
° (d°(Lgolg, )+d®(Laorg, ,,01))(e(B(9x))| (D) (B (gr)) =0
k=1
B(gx) = algr+1) =Xk
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Discrete Nonholonomic equations

N=2, (gh)eGy, P(g)=a(h)=x

(g, h) is a solution

)

(g,h) € M. x M, do(Ld o Lg +Lgorh Oi)(G(X))|(DC)X =0
Discrete nonholonomic Euler-Lagrange equations for the system
(La, Mc, De)

D. Iglesias, ].C. Marrero, D. Martin de Diego and E. Martinez:
Discrete Nonholonomic Lagrangian Systems on Lie Groupoids.
To appear in Journal of Nonlinear Science (2008).
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Alternative versions of the discrete nonholonomic E-L
equations

{X*} alocal basis of F(Dg)
(g,h) € Ga, Blg)=a(h)=x€Q

(g, h) is a solution of the discrete nonholonomic problem

i}
(g,h) € M x M,

d° [Ld olg+Lgorpo i] (e(x))(v) = AaX*(x)(v),
A« = the Lagrange multipliers
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Alternative versions of the discrete nonholonomic E-L
equations

{Xa} alocal basis of sections in I'(D.)
(g/h) GMC XMC/ B(g):oc(h):er

(g, h) is a solution of the discrete nonholonomic problem

0=Xa| (0)=Xa|, (1),,Va

gk Ik+1
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The standard case: G = Q x Q

G=0QxQ
(do, q1) € M.

((go,q1), (a1, q2)) is a solution

)

(g1, 92) € M,
DoLa(qo, g1) + DiLlalai, g2) = AcA%(q1)

Cortés, Martinez (2001)
McLachlan, Perlmuther(2006)
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Discrete nonholonomic equations on Lie groups

91€Mc

(g1,92) € G x G is a solution of the discrete nonholonomic
Euler-Lagrange equations for (Lg, M¢, D)

0
g; 'dLa(g1) —dLa(g2)g Z Ny,
g1 € M.
N the Lagrange multipliers
{n;} a basis of DY
Notation: g, h € G, ap € T;;G
gon = (Tghlgfl)(()(h) € TghG, 0Xhg = (T}*lg g- )(o) € T}*LgG.

Federov, Zenkov (2005)
McLachLan, Perlmutter (2006)
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An example of a discrete nonoholonomic Lagrangian

systems on an Atiyah Lie groupoid.

”A (homogeneous) sphere of radius v > 0, mass m and inertia about
any axis I rolls without sliding on a horizontal table which rotates
with constant angular velocity Q about a vertical axis through one of
its points”
@ Configuration space
Q=R*xS0(3), (xyR) €Q

@ The Lagrangian function L: TQ — R
L(x,y;R %, U; R) = %m(fcz +12) + %Itr(RRT(RRT)T)

@ The constrained submanifold M

M={(x,y;R,%,U;R)/ %+ Jtr(RRTE ) =—Qy
Y — 3tr(RRTE;) = Qx}

0 0 O 0 0 1 0 -1 0
EE=| 0 0 -1 E, = 0 0 0 Es=] 1 0 O
01 0 -1 0 O 0 0 0

the standard basis of s0(3)
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The constrained system is SO(3)-invariant

4

(L’,M’) a constrained Lagrangian system on the corresponding
Atiyah algebroid

"=TQ/SO(3) — R?

@ The vector bundle E/ = TQ/SO(3) = TIR? x 50(3) — R?

@ The anchor map p’: E/ = TIR? x s0(3) — TIR? the projection over the
first factor

@ The Lie bracket on Sec(E’)
[s3, s3] =s5, sy ssl’ =s3,  [ss, s3] =s4,
{s{}i1,5 the canonical basis of Sec(E’)

@ The reduced Lagrangian function:
1 1
L0y, %, 4;w) = 30 +§%) + S Ttr(w?)
@ The reduced constraint submanifold

M = {(%,y,% U; w)/% + =tr(wE;) = —Qu, 1 — = tr(wE;) = Qx}

2 2
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Objective: To discretize the nonholonomic Lagrangian system
(L’,M’) on the Atiyah algebroid E/ = TR? x s0(3) — R?

The discrete Atiyah groupoid G’ = R? x R? x SO(3) = R?
The discrete Lagrangian function Using an approximation of the
(local) inverse of the exponential map

exp :s0(3) — SO(3)
\
1 X1 — Xg

L} (0,0, x1,y1; W1) = =m[( P (BP0

2 n n oz T
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The discrete constraint submanifold M,

X1—Xg T Y1 + Yo
— E = -0
h + 2htr(W1 2) 2 7
Y1 — VYo T X1 + Xg
- — E =
h thr(Wl 1) Q > ,

The discrete constraint distribution

D! =< {s5, 18] + 84,18y — 83} >
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The discrete constrained Euler-Lagrange equations for (L, M/, D/)

X2—2X1 +X() 10 Y2 — Yo

h2 I+mr2 2h =0
V2-2uity 1O x-x _
h?2 I+ mr2 2h
tr (W1 —Wh)E3) = 0
X2 — X1 Y2 +y1
— E Q= =
- + thl‘(Wz 2) + 7 0,
Y2 — Y1 X2 + X1
_ E AT S
h thr(Wz 1) Q > 0

(x0,Y0,%1,Y1; W1) are known
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Figure: Orbits for the discrete nonholonomic equations of motion
(left) and a standard numerical method (right) (initial conditions
x0 =0.99,yp=1,%x1 =1,y1 =0.99 and h = 0.01 after 20000 steps).
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Other numerical integrator for nonholonomic systems

S. Ferraro, D. Iglesias, D. Martin de Diego: Momentum and
energy preserving integrators for nonholonomic dynamics, to
appear in Nonlinearity.
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Other numerical integrator for nonholonomic systems

S. Ferraro, D. Iglesias, D. Martin de Diego: Momentum and
energy preserving integrators for nonholonomic dynamics, to
appear in Nonlinearity.

Let Gc: AG xm AG tolR be a bundle metric on a Lie algebroid
(E, [, p).

The class of systems that were considered is that of mechanical
systems with nonholonomic constraints determined by:

@ The Lagrangian function L:

L(a) = %Gc(a, a)—V(t(a)), a€AgG,

with V a function on M.

@ The nonholonomic constraints determined by a subbundle
D of AG,
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Consider the orthogonal decomposition AG = D @ D+, and the
associated orthogonal projectors

P: AG— D
Q: AG — D+

Given local coordinates (x!) in the base manifold M and a local
basis of sections of AG (moving basis), {Xa }, adapted to the
nonholonomic problem (L, D), in the sense that
(i) {Xa}is an orthonormal basis with respect to Gc
(that is GC(XA, XB) = 6AB)
(ii) {Xa}={Xq, Xo} where D = span{X,}, D+ = span{Xy}.
'DJ‘

.
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Denoting by (x',y*) = (x!,y%,y*) the induced coordinates on

AG, the constraint equations determining D just read |y = 0.

Therefore we choose (x!,y?) as a set of coordinates on D.

D 2 AG
Tp
T
M
In this coordinates we have the inclusion
ip : D — AG
xhy®)  —  (x5y%,0)

and the dual map
i : A*G — D*
(X" YaYa) — (X" Ya)

where (x',ya ) are the induced coordinates on A*G by the dual
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Moreover from the orthogonal decomposition we have that

P: AG — D
(xLy%y®) —  (x4y?)

and its dual map

P* : D* — A*G
(x"¥a) — (x4, Yaq,0)
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Nonholonomic Integrator

L4 : G — R discretization of L.

— —
X a‘gk“—d) - X a|gk+]“—d)/va
— —
X oc‘gk“—d) + X cx‘gkﬂ (La), Vo
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