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Classical Hamilton-Jacobi theory (geometric version)

The standard formulation of the Hamilton-Jacobi problem is
to find a function W(t,¢") (called the principal function) such
that

— +h —) = 0. 1

b ) (1)

If we put W(t,¢") = S(¢") — tE, where E is a constant, then S
satisfies 95

hg', =) = E; 2

S is called the characteristic function.

Equations (1)) and (2)) are indistinctly referred as the Hamilton-
Jacobi equation.

R. Abraham, J.E. Marsden: Foundations of Mechanics (2nd edi-

tion). Benjamin-Cumming, Reading, 1978.



Let M be the configuration manifold, and 7T*M its cotangent
bundle equipped with the canonical symplectic form

Wy = qu A dp

where (¢”) are coordinates in M and (¢, p,) are the induced ones

in 7" M.
Let H : T"M — R a hamiltonian function and Xy the corre-
sponding hamiltonian vector field:

z'XHwM —dH

The integral curves of Xy, (¢*(t),pa(t)), satisfy the Hamilton
equations:

qu_ OH dpn  OH
dt — Ops’ dt  Og”




Let )\ be a closed 1-form on M, say d\ = 0; (then, locally A = dJS5)

Hamilton-Jacobi Theorem

The following conditions are equivalent:

(i) If 0 : I — M satisfies the equation

dq” _ OH
dt opa
then \oo is a solution of the Hamilton equa-

tions;

(ii) d(H o \) = 0




Define a vector field on M:
XIL\I = Tﬂ'M o X[_[ o\

Xnu

T*M T(T*M)
A 1/ TN M Tmys
\ .
¥
Q = TM

The following conditions are equivalent:
(i) If 0 : [ — M satisfies the equation
dq” _ OH
dt  Opy

then )\ oo is a solution of the Hamilton equations;

i)’ If 0 : I — M is an integral curve of X7, then \ooc is an integral
H
curve of Xpy;

(i)” Xy and X3 are \-related, i.e.

TAXP) = XpoA



Hamilton-Jacobi Theorem

Let )\ be a closed 1-form on M. Then the follow-
ing conditions are equivalent:

(i) X3, and Xy are M-related;
(ii) d(Ho X)) =0

If
A = Aalq) dg”

then the Hamilton-Jacobi equation becomes
H(q*, X a(¢®)) = const.

and we recover the classical formulation when
oS

Ay = ——
A B



Optimal Control Theory

A control system of ordinary differential equations is usually
given by
' =T"(x(t), u(t))

where
» 7', 1 <i<n are called the state variables

m 1y, 1 < a<m are called the control functions



Consider the following optimal control problem: given initial
and final states 7y and zf, the objective is to find a smooth curve
c(t) = (x(t),u(t)) such that

w 2(ty) = xo, 2(T}) = xy,
= ¢(t) satisfies the control equation,

» and minimizes the functional

for some cost function L = L(x,u).



In geometric terms we have a control fiber bundle
7. C — B

with fiber coordinates (2',u%); I' is a vector field along 7:

I=T"(z,u) ai
:CZ

and L is a function L : ' — R.
Consider now the fiber product

70 Wo=CxgpT*'B — B
with canonical projection
mo(a', u’, pi) = (@)
where (z',u, p;) are fibred coordinates in 1/;,. We also have two

projections:
H12W0—>C, H22W0—>T*B

expressed in local coordinates as
Hl(xiauaapi) — (ajivua)
HQ(xiauaapi) - (xl7p2)



We denote wy = [l;wp, where wp is the canonical symplectic
form on T*B. Therefore, we have that

wy = dz' A dp;

is a presymplectic form with kernel
0
8u“>
The Pontryaguin hamiltonian is the function on W, defined by
HO(Cap) — <F(C)7p> T HTL

where c € C' and p € T*B are in the same fiber of 1W,. Then, we
have

ker wy = (

HO($i7 uaapi) - plFZ o L(xz7 ua)



Consider the equation
iX Wy — dHO (3)

Since w; is presymplectic, we can apply to Equation () the
presymplectic algorithm which produces a sequence of constraint
submanifolds

W Wy = TV T
Notice that 1/ is defined by the primary constraints
or’ oL

o =p; out  Ous
and a solution X has the form
-0 0 ory oL 0
X=0I"—+U" — — — — 4
o' " ou? (pj Ox! 83}2) Op; )

where U%(x,u,p) are undetermined functions.



In order to ensure that the vector field X be tangent to 11, we
need to verify the following tangency condition:

b 007 0 (%b
X(gb)_F%—i_ aua—% D;

(5)

where .
b= p. o’ oL
P =P Jdxt  Oxt

From (5) we deduce that if the matrix

(55) )

is regular then we can explicitly obtain the functions U“, or, in

other words, the presymplectic algorithm stabilizes at 17, that
is, W5 = ;. In this case we say that the optimal control problem
given by (C,I', L) is regular. It should be noticed that under these
condition, the solution X of Eq. (3] along W is unique. Of course,
a direct computations shows that the converse also holds, i.e if
the algorithm stabilizes at 1/} then the problem is regular.



In the regular case, condition (6)) implies that we can obtain
u” in terms of the rest of coordinates, say

u' = (2", pi) (7)
We remark that w; = (wy)py, is a symplectic form with canonical
coordinates (2, p;).
Otherwise, we should continue the algorithm and get the sec-
ondary and higher order constraints.



We will give an interpretation in the usual language of control
theory. For short we only consider here the regular case. A simple
computations shows that an integral curve (x'(t),u®(t), p;(t)) of X
satisfies the following system of differential equations

i = T'(x,u) (8)
u = U'(x,u,p) (9)
pi = —Y (10)

Therefore, Eq. (8) is just the control equation, and Eq. (10)
can be equivalently written as

o,

since

 0H,

Vi = 0x’




A singular example

Consider the optimal control problem determined by the fol-

lowing system of differential equations

T=1YY=2,2=1u
and the cost function
1
L(CE,y,Z,U) — 5 (332 - y2 + 22)
We have

[z ) 0 -+ 0 - 0
Y, 2 U) = Y— + 2— + u—
Y Yo oy 0z

wo = dx N\ dp, + dy A dp, + dz AN dp,
Hy(x,y, 2, U, po, Py, P=) = D2y + 2Dy +up. — L

where (z,y, 2, p,, py, p.) are fibred coordinates in 7% B.



We obtain that a solution X should be of the form

0 0 0 0

0
o (P2 + y)a—py +(py + Z)apz
and the submanifold W, is locally defined by the constraint
p, = 0.
Continuing the process (X should be tangent to 1/;) we have a
new constraint p, —z = 0, so that 1/, is defined by the constraints

+x

p.=0,py—2=0

Finally, we obtain the final constraint submanifold W; = W3 de-
fined by

p:=0,py—2=0,p; + 4y, =0
In addition, the solution is uniquely defined on Wjs:

0 0 0 0 0 0
X—y%—kza—y—ku@—(erz)U%—kxapx—(px—ky)a—py




The Hamilton-Jacobi-Bellman equation

Along this section we assume that (C,I', L) is a regular optimal
control problem.

Let v: B — W, be a section of 7y : W, = C xgT*B — B. In
local coordinates we have

(@) = (2", 9"(2), 7i(2))

Notice that II, o v is an ordinary 1-form on B.
Assume that v(B) C W;. Then we have

¢ (2", 7" (@), vi(x)) = 0

Let X : Wy — TW; be the solution of Eq. (3)). Denoting by
v1 . B — Wj the restriction of v we can construct a vector field
on B such that the following diagram is commutative



Theorem

Let v be a section of 7y : Wy = C'xgT*B — B such that [l,ovyisa
closed 1-form on B and +(B) C W;. Then, the following conditions
are equivalent:

(i) the vector fields X and X" are ~;-related;
(ii) d(Hpoy) =0



Proof: Let us recall the local expressions of X and X":

-0 0 or’ oL\ 0O
X =I"—+U" — | pi=— — =—
ox’ " ou® (p] ox' ax@) Op;
-0
X =1"—
ox'
and then, after some straightforward computations, we have
O0v;\ O
X—TyX)=— (1 —-T"==2 ) — 11
n(x) == (h-1'gE) o 1)
Also from a direct calculation we get
d(Hyo ) = (—m + TV a—%f) dx' (12)
ox!
The result now follows from (|11)) and (]12) taking into account
that
07 _ 0v;
oxi  Ox!

since II, o v is closed.



The condition (ii) in the above theorem, can be equivalently
written as

Hy(a',¢*(a?,C"(a?, (), 7i(x)) = constant (13

Since II, o v is closed, then it is locally exact, say Il, o v = dS,
where S is a function on B. Therefore, the equation

- 0S5, 0S

Hy(z', ¢ (a? %), %) = constant (14)
Notice that ((14) is equivalent to
- 0S
I 5 L = constant (15)

which is just the Hamilton-Jacobi-Bellman equation where S =
S(z) is the Bellman value function.



The Hamilton-Jacobi-Bellman equation: the singular case

Let (C.I', L) is a singular optimal control problem.
Therefore, we can obtain a final constraint submanifold W of
Wy where the equation

iX Wy = dHO

has a solution.

Assume that, for each r, we have

- B, = my(Wy) is a submanifold of B,

- m : W, — B, 1s a submersion.

Given a section v: B — Wy of myp: Wy = C xgT*B — B such
that y(B) C Wy, we can consider the restriction v; to Wj.

Now, if X is a solution of the equation

iX Wy — dHO
we can construct the vector field XJY on B as follows:

Xj =T(mo)w, o X oy



THEOREM

Let v be a section of 7y : Wy = C xg1T*B — B
such that II, o v is a closed 1-form on B and
v(B) € W;. If X is a solution of the equation
ix wy = dHy along Wy, then, the following condi-
tions are equivalent:

(i) X — Typ(X}) € ker w;

where 7; denotes the restriction of v to W;.




