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Holonomic and Nonholonomic Constraints

Nonholonomic Constraints

F(U1, ..., UsN; U1, aoag USN; t)

VoIl A
o

Nonintegrable equations (or inequalities), imposes conditions on
the velocity components (Example: Neimark and Fufaev, 1972,
pp. 223—225)
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Holonomic and Nonholonomic Constraints

Holonomic Constraints

If Fis integrable

dG(U1, .oy, UspN; t)
at

VoIl A
o

that is

H(U1, Us. ..., UsN; t)

VoA
o
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Linear and Nonlinear Constraints

Linear Constraints if
F(U17 ..., Uspn; U1 5 0aog U3N; t)

is Linear (Nonlinear) with respect to u’s
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Linear and Nonlinear Constraints

Nonlinear Constraints if
F(U17 ..., Uspn; U1 5 0aog U3N; t)

is Linear (Nonlinear) with respect to u’s
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Generalized Variation Process

Define the actual displacement in time ‘dt’ by the relation

Any one of oo configurations infinitely close to the actual trajectory
and compatible with the constraints along a neighboring curve is
defined by

The quantities éxp, arbitrary functions of the time ¢ of class C' , are the
variations of the variables x,(t) that are obtained by keeping the time ¢
fixed. The difference

Xp (1) — Xp(t) = dxp (3.3)

is called the synchronous (or simultaneous) virtual variation of the
variable xp(t) and is designated as ¢-variation [Naseer 1985,Vujanovic
1978, 2004, Xu & Liu 1997]
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Generalized Variation Process

Space VARIABLE
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________Generalized Variation Process |
Turning to a more general variation process, we define the position of
the system in the actual (real) motion by the variables x,(t) and
determine in a varied motion an infinitely closed position, by the
function x;(t + At), where At is an infinitesimal change in time and is
a differential function of the time t.

X*(t+ At) = X5(1) + X5 At = Xp(t) + dXp + XpAl, (3.4)
Introducing the symbol Ax,, we write

which is the variation Ax, of the variable x, where the time varies and
the position along the varied path is not simultaneous to the actual
path. These variations are called asynchronous (or non-simultaneous)
virtual variations of the variable x, and are indicated by the symbol
A-variation. Further, the A-variation of an arbitrary function F(xp, t) of
the class C? in the domain of the variables x, and time t can be readily
obtained as

AF = 6F + FAt. (3.6)
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Generalized Variation Process

d(6X0)/dt = 6% ; (d(Axp)/dt = Dky + kpAl), (3.7)

which leads to the fact that the velocity of the variation and the
variation of the velocity are the same (not the same) according to the
process of d-variation (A-variation), respectively.

We assume that the relation d(At) = A(dt) always holds for the
independent variable t whereas it can be shown that Adx, = §AXp
holds for the dependent variables xp.

In order to extend the existing theory of integral invariants we transform
the preceding analysis to the Poincaré formalism that is based on the
theory of continuous groups of transformations [Poincaré 1901].
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Generalized Variation Process

Definition. The change dG of an arbitrary function G(xp, t) , during the
actual displacement dx,, in the time df of the system, is determined by
the relations [3]

dG = [XoG + npXpGldt (p=1,2,....n) (3.8)
where Xy and X, characterizing the infinitesimal displacement, are the
operators defined by

_ 9 q 9 _ (9 0
XO = ot —+ 'fo (Xp) 8Xq’ Xp = §p(XF)6Xq (3-9)
which form a transitive group of operators if we require that the
commutators
(X0, Xp) = XoXp — XpXo, (Xp, Xq) = XpXq — XgXp,

satisfy the relations

P
Here Cgp, Crq» Which depend on the x’s and the time t, are the

structure constants corresponding to the operators Xp,Xp.
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Generalized Variation Process

Definition In a simultaneous virtual displacement §xy, dxo, ..., X, Of
the system, the change ¢G in an arbitrary function G(xp, t) is
determined by the formula [7]:

Here the quantities wp are the parameters corresponding to the
synchronous variation § G of the function and are called the Poincaré
synchronous virtual displacement parameters or simply the virtual
displacement parameters.
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Generalized Variation Process

For the asynchronous variation AG of the function G(xp, t) during an
infinitesimal time At, we substitute from (3.8) and (3.11) into the
formula (3.6) to obtain

If the virtual displacements are characterized by the asynchronous
variations Axp, then we need to extend the above definition. For this
purpose,we use the notation xg = t, 9 = 1 and we write the expression
(8.9) for the infinitesimal displacement operators in the compact form:
0. @-1 &@=0 (ur=012..n)
8XV’ o— b o = w, Vv =9,1,c,...,
(3.12)

X = &§,(X1, ., Xn)
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Generalized Variation Process

Further, we set
wO:O, AonAt:Qo, ).(02770: 1 (313)

and analogous to the Poincaré parameters wp, [7], introduce the new
parameters corresponding to asynchronous variations by the relation

Q, =w, + 1.8 (3.14)

which was first given in [1, 3].
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Generalized Variation Process

Definition. The variation AG of an arbitrary function G(xp, t), during a
virtual displacement Axy, AXxo, ..., AXx, asynchronous to the time
At = Qy, is described by the formula

AG=Q,XG (1=0,1,..,n) (3.15)

where Qg, Q1, ..., Qn, assumed to be functions of class C?, are the
parameters of the virtual displacement corresponding to the
asynchronous variation. For future reference we shall call them the
asynchronous virtual displacement parameters.

Moreover, we also get the compact form

dG = [n,X,Glat (3.16)
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Generalized Variation Process

Since the system is holonomic, by virtue of relations (3.8),(3.9), (3.10)
and the rule 6d = dé, the synchronous variations 47, of the
parameters of real displacement are

dw
Snp = Ttp + Cogwq + Carngwr (3.17)

and, by means of the formula (3.6), it follows that
Anp = dnp + 1pf2o (3.18)
Thus , using relations (3.14) and (3.17), it can readily be shown that
Anp = Qp — 1pS0 + ChngQr + C5.Qq (3.19)

which represents the asynchronous variations Anp of the parameters
of real displacement in terms of the new parameters Q’s of possible
displacements.
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Generalized Variation Process

Lemma. Let J be a functional defined by the integral

t
J= / ft, (3.20)
0

where f is an arbitrary function of 7, X, and possibly the time t. Then
the asynchronous variation AdJ of the functional J is given by

t .
AJ:/(Af+fQO)dt. (3.21)
0

For the proof of the lemma, readers are referred to [3]. However, one
can see that the non-commutativity of the A-operation and the
integration is obvious due to the presence of the quantity Q.
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Generalized Variation Process

Corollary. If the variation process is synchronous, then At = Qy = 0,
which implies that A and § are identical, hence fot f%dt vanishes.

Which will imply
t t

5 / fdt — / 5f dt
0 0
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Transpositional Relation

dw
57’]p = Ttp + ngwq + Cg,nqwr
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Generalized Variation Process

Transpositional Relation

dw
0np = Tl‘p + ngwq + Cg,nqw,

e From figure 6dr; = dér;
(*] [prpXOrl T np(UquXprj T 57]poI’,] at =

@ which gives us d7p = % + ngwq + Cg,nqw,

(University of Dayton)
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_____________________Thetwoviewpoints |
The two viewpoints

Let us consider the dynamical system whose configuration is
determined by the independent coordinates x, and moves subject to
the nonholonomic constraints expressed by the (n — m) independent
equations

fo(1py Xp, 1) =0 (p=1,2,...ma=m+1,...,n), (4.1)
where the functions £, are not necessarily linear in the 7,’s and that the
virtual displacement parameters wy’s satisfy the Chetaev’s relations [7]

Yy =0, (4.2)

We further assume that the constraint equations (4.1) are expressible
in the form
fa(77p» Xpa t) = TNa — d)a(nia Xpa t) = 07 (43)

(p=1,2,..mi=12,..m<nmna=m+1,..,n)
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The two viewpoints

From last two relations we get

o) ol
——(1p — da(Xp, Mo, 1))wp = dapwp — ——wp =0
anp(??p ba(Xp, Mps 1) )wp PP = By P

which implies that the dependent parameters of virtual displacements
satisfy

Wo =—=—wp, (P=1,2,....ma=m+1,...,n)

70)].’ (j:1727"'7m<n;agﬂ:m+1,...,n)

Oba _
because 75 = 0
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The two viewpoints

@ Denote 7,(ni) and w,(wj) are dependent (independent) Poincaré
parameters of real and virtual displacements respectively

o There are two viewpoints in using 67, = %2 + Cogq + Carigwr
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First Viewpoint about 67, = dc’;”" Ch qwq T Chmgwr

According to Holder, Volterra and Hamel, above may be used for the
o-variation of all the parameters ), of real displacement whether the

system is holonomic or not. Thus the variations 6f, of f, for the
constraints are:

of, d [ Of
fo = | Xpf, 0 o) e — = | 4.4
(50{ |: pa+(Cop+qu7’]q)anr dt (anp>:| (AJp ( )
and
0fy = 0Na — 0o = Afwj (4.5)
Here the quantities A?* are determined by the relations

« d 3¢Oé 8¢ﬁ % le% 8@55
Al = o ( e ) — Xipa — e Xsda + (Cgi + Cging) + (Cos + Cgsng) 5~ :

_ 0¢a
on;

(g=1,2,...,n;i,j=1,2,...m<na,f=m+1,...n)

{(Ch + Clyng) + (Chy + CLyng) f’f}



Second Viewpoint about 67, = d”p + C), gwaq t Chrnqwr

According to Amaldi, Levi-Civita and Suslov as discussed in [5], the
above relation holds for nonholonomic systems. They may be used
only for the variation 7, of the independent real parameters 7; together
with the assumption that the §-variation of the f, vanishes. Precisely,
om = %1 4 ci C! . Ofy =
ni = dt + quq+ qrnqwl’ ' a — 0 (46)

for the constraints of the type (4.1).
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The two viewpoints

The relations ¢f, = 0 enable us to obtain the synchronous virtual
variations of the dependent ’s. Thus, from (2.14) and (3.4), it follows
that

0 fo = 0"Na — 0" Pa = (A})"w;
Here (A7)" are given by

Q) k d 8¢06 * « @ « a¢a
(Af)" = E(ian,- — X ba + (K5 + Ki'ni + KSid) — (Kgi + Kfni + K,g,¢6) e
where

a¢ « 1o} le3 8¢
KE = c§,+c§58ﬁ . K§ =G+ Chag
T

¢ 99
Kk- _ k k ;3 . Ko — C% e} B
C C (977] D q CCIJ + qB 577].

and
. O¢p
X o= X+ meﬁ
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Equations in independent Poincaré parameters

Consider a holonomic dynamical system described by xp(t),
p=12,...,n

doT g 0T o OT
dtom, %Pan, ~®Mop,

@ If the system is conservative there exists V/(x,) such that
Qp = —XpV, then % = 0, above equation reduces to

doT 40T ., T
R o - — _XyLbwp =
{dtanp P gnq Mgy, P }“”’ °

(University of Dayton) 25 /46



We begin by introducing the main ideas of Poincaré’s formalism [7], [2].
Let us consider the dynamical system whose configuration is
determined by the independent coordinates x, and moves subject to
the nonholonomic constraints expressed by the (n — m) independent
equations

fo(Mpy Xp, 1) =0 (p=1,2,..ma=m+1,...n), (5.1)

where the functions £, are not necessarily linear in the n,’s and that the
virtual displacement parameters wy’s satisfy the Chetaev’s relations [7]

oty
——wp = 0. 5.2
P (52

We further assume that the constraint equations (5.1) are expressible
in the form

fa(np7 Xp7 t) - 7704 - ¢a(77ia Xp7 t) = 07 (53)

(p=1,2,..mi=12,..m<na=m+1,..,n)
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Equations of motion in Poincaré parameters

From last two relations we get

o) ol
——(1p — da(Xp, Mo, 1))wp = dapwp — ——wp =0
anp(??p ba(Xp, Mps 1) )wp PP = By P

which implies that the dependent parameters of virtual displacements
satisfy

¢a
Wa=—wp, (P=1,2,....nma=m+1,....n
87’,0 P ( )
wa—%wj, =1,2,....m<nao,f=m+1,...,n)
onj

Oba _
because 75 = 0
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Equations of motion in Poincaré parameters

@ w,(wj) are dependent (independent)
@ Previous equation does not yield the equation of motion

@ Instead of using the multipliers we will use equation of
nonholonomic constraints to express all quantities in terms of
independent parameters w;’s and 7;’s.
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Equations of motion in Poincaré parameters

d oL*
@t (3 — (Ko + Kajda + Kim)

( oLx oL
at 8771'

o = X'L" — (AY) (8%) =0, (5.4)
which are the required equations of motion independent of the
Lagrange undetermined multipliers for the nonlinear nonholonomic
dynamical system. These m equations determine the values of
ni(j = 1,2, ..., m) which, by virtue of the constraint equations (3.3),
allow us to determine the values of the remaining (n — m) n,’s as
functions of the x,’s and t. The values of x, are then calculated from
the equations

Xp = XoXp + 1gXqXp (555
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Poincaré-Hamilton equations of motion

Generalized momenta
oL

= 8777,,
Assume that transformation is invertible so that

Yp

o = 1p(Xq; ¥, 1)

Above two relations yield, respectively, y’s and 7’s as linear functions
of n’s and y’s respectively. Since n’s are not independent, it follows that
y’s are not independent as well.
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Poincaré-Hamilton equations of motion

Introduce
., oL

y/':anj

which are assumed to be invertible and allow to express the 7,'s as
functions of yj*, Xp and time ¢ in the form

Note that the constraint equations are expressed in terms of the
independent yj*’s by means of the above equations.
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Poincaré-Hamilton(PH) equations of motion

Definition. The 2m quantities (x, ..., Xm; ¥, ..., ¥m) are said to form a
2m-dimensional reduced phase space provided that they are
independent and satisfy the conditions

6t=0; wj#0; on#0; dy; #0 (6.2)

throughout the motion of the dynamical system under the nonlinear
nonholonomic constraints.
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Poincaré-Hamilton equations of motion

Let us consider the motion of the system in this 2m-dimensional
reduced phase space and introduce the Hamiltonian function
H*(xp, 78 t) corresponding to Lagrangian L*

H*(Xp, yj', ) = ;" — L (Xp, mj, 1) (6.3)
Performing the d-variation, using equations of motion and second
viewpoint we get
oH* . oL* oL
= = CXEH (KK KR e — (AR (—)*
nj ay/* yj il ( 0j q/UCI) 677/( ( ' ) (877a (64)
,k=1,2,..ma=m+1,..nqg=1,2,...n)
These equations are called Poincaré-Hamilton equations of motion for
the nonlinear nonholonomic dynamical system.
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Poincaré-Hamilton equations of motion

They together with the constraint equations determine the (n+ m)
quantities xq, X2, ..., Xn; Y1, Yo, ---, ¥m- In fact, we can find

nj(j = 1,2, ..., m) as functions of xp, y; and t and then substituting the
values of 7; into the constraints equations, determine the remaining
no(c = m+1,...,n). In this way all the 7;’s are determined and then,
by using Xp = XoXp + 1gXgXp, all the x,’s can be obtained as functions
of the time t.
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Poincaré-Cartan Integral Invariant

We need to compute the asynchronous variation of the action integral
defined by

b
S= | Lot (7.1)
t

where Ldt expresses the small element of action with L, describing the
dynamical behavior of the system, as the Lagrangian function of all the
X’s, n’s and possibly the time ¢.
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Poincaré-Cartan Integral Invariant

to .
AS= | (AL+ LS)at
t

which, by virtue of (A.4) from the APPENDIX, assumes the form

oL e .
AS = ( wj) | / (ﬁon+anoXHL—QOL)dt
ty anp
’2 Lrd oL oL
+ LG 'dt—/ [ — (K& + Kkng)— — XL
A( oot [ |G~ K+ Kma g =%
oL
Ay wet 7.2

where the superscript " " shows that the quantities are expressed in terms
of the independent Poincaré parameters of real displacement.
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______________Poincars-Cartan Integral Imvariant |
Poincaré-Cartan Integral Invariant

Theorem
The line integral

= 7§C(yj*9, — H*Qq), (7.3)

along an arbitrary closed curve C remains invariant with arbitrary

deformation of this curve along the tube of real trajectories of a

conservative nonlinear nonholonomic dynamical system whose motion

is governed by the equations of motion provided that the relations

;S)n;ld: % + Coqwg + Cyrnqwr; 6f, = 0 according to second viewpoint
old.
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Poincaré-Cartan Integral Invariant

Theorem

If the line integral (7.3) is invariant under a deformation of an arbitrary
curve C along the tube of real trajectories, then the motion of the
conservative nonlinear nonholonomic dynamical system is determined
by the Poincaré-Hamilton equations (6.4) together with (5.5),provided
that the relations (4.6) hold.

It is remarkable to note that the above two Theorems furnish the
necessary and sufficient condition which allow us to connect the theory
of integral invariants with the theory of Poincaré-Hamiltonian systems.
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Poincaré-Cartan Integral Invariant

Theorem
The line integral

/ :7{ *wi 7.4
1 Cyj j (7.4)

along any closed curve C that consists of the simultaneous states of
the system does not change with arbitrary deformation of this curve
along the tube of real trajectories of the conservative nonlinear
nonholonomic dynamical system which is described by the PH system
of equations (6.4) with (5.5).
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Poincaré-Cartan Integral Invariant

Theorem

If the line integral Iy, given by (7.3), remains invariant under an
arbitrary deformation along the tube of real trajectories of any closed
curve C consisting of the simultaneous states of a conservative
nonlinear nonholonomic dynamical system, then the motion of the
system is determined by the PH system of equations (6.4) with (5.5).

We remark that the results above show that the theory of integral
invariants forms another basis for both the Hamiltonian dynamics of
holonomic systems, linear nonholonomic systems and for nonlinear
nonholonomic dynamical systems as well.
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Poincaré-Cartan Integral Invariant

Special Cases:

(i) Suppose that all the x’s are the Lagrangian coordinates and the
n’s are the generalized velocities x’s. In this case, the relations
(3.14) reduce to the result given in [Vujanovic] and [Whittaker] by
Vujanovic and Whittaker, respectively; the operators Xo and Xp'’s
becomes £; and z7’s. Consequently all the Cg’'s and Cf,'s
vanish. Last two theorems furnish the results analogous to those
obtained in [Cartan], [Gantmacher], [Pars], and [Whittaker], while
Theorems 7.1 and 7.2 subsume the results that are discussed in
[Poincare, 1901, 1892] by Poincaré and in [1] by Pars. It is to be
noted that our results are analogous to these but the content is
quite different, since our system is nonlinear nonholonomic.
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Poincaré-Cartan Integral Invariant

(ii) If the group variables are the quasi-variables (nonholonomic
coordinates) 7’s then the n’s becomes 7’s and the relations (2.10)
express these as non-integrable linear combinations of the
quasi-velocities and all the C{;'s reduce to Hamel-Boltzmann’s
three indexed symbols ~;,. In this case our theorems subsume
the results analogous to those obtained by Djukic.
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Performing the A-variation of (5.1) according to the Lemma 2.4, we
have

t _
AS= [ (AL+ L)t
t
L9l . .
- / (5, A+ QXL+ (L) — [Q0)at
t 77P

where we have used Def. 2.3 and the identity (L) = Lo + L. Taking into
account (2.16), (2.17) and (2.21), the variation AS of S becomes

L oL L oL
AS = (7(577,) + u)poL)dt + / (777;;90 + nMQOXuL — Q()L)dt
t 37]p ty 877[3

1) i
+/t1 (LQ)dt (A1)

Let

gL
/:/ ——np + wp XL )dt,
,1(8770”” pXoL)
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separating the sum over the index p from 1 to n into the sums over j from 1 to
m and over o from (m+ 1) to n and using the equation of motion (4.1) to get

b oL* oL d¢ oL
I:/ {( —“)5-+6a+wXL}dt.
11 o On oy )T oy e TR

Here the ‘«’ over the quantities show that they are expressed in terms of the
independent parameters 7; of real displacement.
Following the second viewpoint and using relation (2.20), we have

b oL* . g b oL 0o o j
| = / —— (@) + Cyqwq + Cyrgur)dt — / i(d’f + Cogwa
t

onj 6 Ol O

. b2
+ C{,,nqwr)dt + /

t

oL .

Integrating by parts, the first term of each integral on the right hand side of
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us Variation of Functional (5.1)

the last result, we get

I (aL* )tz 29Ot [ 25 (O] g + Clyngunat
=\ 5wl =) 2 (o) / ——(Cyqwq + Cormqer
Onj 4 4 dt” om; Jy Omj q
t:
aL a 2, d oL 8 T : ;
- 7&4.4//- +/2w]-7(7& a— [*2 7&(0{) wq + Clynqur)at
oM On; vt dt " dne Om; ty Ona om; 9
oL 2] b d oL 1) oL
+ ® = 2 L dt+/ (—(c% + Congwr) + wpX, L) dt
o \ o dtome y \ana 0q«q T Cgrmg pXp

which by use of (3.4), reduces to

( o )
wj
In; t 1

oL d 9¢ d oL 0¢ oL 9¢ i i
= = J(Clngq aF Cg,”lqwr)

- W — () —wj—
O dt -~ Om; at" ome ~ Omj e Omj

f2 t(d oL aL* ]
]

- —(—)wj — —(C wq + C nqw
/t {dt o 877,'( 0ga T Cgrnawr)

d, oL @ aL
e (Cqwq + Cormqwr) — prpL} dt

(=)= =

dt" 9na = 9mj IMa

Again breaking the sum over the indices g and r from 1 to n into the sums over the indices j, k from 1 to m and over the indices

(University of Dayton) 46 / 46



a, 3 from (m + 1) to n, the last expression takes the form

aL*
= —wj
onj

4]

f2 /Yz d(BL*)
Y at 817/

“j =

aL*
Z_(d]
onj

OL O
O on;

KWk T C{]awa + quknqwk

(kawk aF Coﬁwﬁ T qunqwk

L
(C&w,- A C&;wﬁ 4 Cg/nqwj + C“;‘ﬁnqwﬁ) — wPXpL} at

Interchanging the indices j and k in the second and fourth terms of the integrand, using (3.4) and rearranging the terms, we find

f oL d O¢q
+ C —wj— — (2
goMlger) I o ot on
j fo]
I Cq[g'flqw[i) - 757}&
that
aL* 2 [d aL* aL*
I={——v|| - / —(S—)wj — —
onj f y [t Om; Ik
oL d 8 oL o
177& 0L 9%a (ng+00ﬁ7)+(c
Ong dt* On; Ona Ong onj
aL ¢5
— — < (Cgj + Cg; +(Cg +
e {( o) + Cop 5~ ) ( a5 5 on

{(COJ Cho ——

k Odp

Taking into account equations (3.11) and (3.12), the last result reduces to

n;

+C
a qﬂa )Wq} )

14}
¢’6 )nq} wj — Lu'poL:| dt

aL* |2 t |:d aL* aL* K
I = —uwj —/ — (= )wj — 7(,{ inq)wj
/) o T KgMa)wj
Onj 4 4 [at Om; on
oL , | d 0¢a Oda ,, k Kk & &
- wi(— —(—=—) — ——(Ky; + Kging) + (Ko; + Kgimq) ¢ wj
I e {dt o ok 0 A 0 a9 )
—  wpXpl]at
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) + nq(Cli + cg )}

(A-2)
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where the "x” over the quantities ( aL ) indicates that they are expressed in terms of the independent parameters nj-

Let us consider the term wpXpL WhICh in view of (4.4), can be written as

oL
wpXpl = prpL* — wp— Xpda
Ona

oL oL
= w/'XjL* + wa Xo L* —wl-i)(,-qba —wg —Xgda
MNa Ma

15} oL 14} oL
= WXL+ ) wiXal® — wj—Xiga — %% wj——Xgba
onj Mo on; ' Ona
where to obtain this result we have separated the sum over the index p = 1, 2, ..., ninto the sums over j = 1,2, ..., mand
a =m+ 1, ..., nand also used the relation (4.3). Simplifying the last expression, we get
¢ . oL 8¢
wpXol = wi(Xj + X X)L — wj—— (X + 2 xﬂ)%,
87]/ MNe
which together with (3.13), becomes
oL
— Wi XL — i (— )X d
wpXpl = wiX"L w,(ana) X" bas (A-3)

where we have expressed all the quantities in terms of the independent parameters nj's of real displacement. This allows us to
write (A.1) as

12} /r2 {d(aL*) aL* (K Kk ) — X L*
_ g i 1g) — X
f t, Ldt" om My i+ Ko J

oL d O¢a _ 9¢a

. Kk 5
N ) a( o e (Ko/ Kging) + (Kgj + Kging) — X; ¢a}-‘ wjt
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f b [d oL* aL* oL
2 k k * gk auy® *
— —(—) — (K + Kgimg) — — X; L™ — (A7) (——)" | wjdt (A-4)
4 /t1 |: i o a™a Onk ] 1 OMNa b

(5
= —u;
an

which expresses the asynchronous variation of the action integral (7.1).
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