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OCP Nonholonomic Kinematic

NONHOLONOMIC CONTROL MECHANICAL SYSTEMS

Let (Q, g) be a Riemannian manifold, dim Q = n.
Let V be the associated Levi-Civita connection.

Viy=Foy+Y XNZoy+» uYeoy, $€D, (1)

r=1 s=1

~v: | — Q@ is a differentiable curve;

the nonholonomic distribution D = (Y1, ..., Ym),
input control vector fields,

u': TQ — U C R™ are the controls;

Dt ={(Z,...,Z0_m);

F € X(Q) is an external force vector field.

A nonholonomic control mechanical system is

Y =(Q,g,F,D).
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OCP Nonholonomic Kinematic

Equivalently to (1), 7 is an integral curve of

Y =27+ FV+,§XZ,V+iu5YSV

r=1 s=1

e Z € X(TQ) is the geodesic spray associated to g.
In natural coordinates (x, v) for TQ,

Z = vii—r},(x)vjvl

[, Christoffel symbols for V .
ox' /

ovi’

e Y\ denotes the vertical lift of the vector field Yj.



OCP Nonholonomic Kinematic

KINEMATIC CONTROL SYSTEMS

The kinematic system associated to (1) is

e v: | — Q is a differentiable curve;
e w €R — V C R™ are the controls.
In other words, ~ is an integral curve of the vector field

X:zm:WSYS.
s=1

THEOREM (BurrLo, LEwis, 2005)

Every fully actuated nonholonomic control system ¥ is
equivalent to the associated kinematic system.
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OCP Nonholonomic Kinematic
OPTIMAL CONTROL PROBLEMS

F: TQ x U — R the cost function for the mechanical system.
G: Q x V — R the cost function for the kinematic system.

PROBLEM

(v,u): - QxU
(v,w): - Q@xV
® end-point conditions on Q: Y(ty) = xo, Y(tr) = x¢;

Given xo, xr € Q, find such that

~

Y | . : Y
(2] is an integral curve of

v X, y(t) = X(7(t), w(t))
(3, u) ives the minimum o Ji 7(3(2), u(t)) e
® Gow) } gives & f{ J, GG (0). wiz)de

among all the curves satisfying 1 and 2, respectively.



OCP Nonholonomic Kinematic

EXTENDED SYSTEMS: @ =R x @

Extended kinematic control system:

+ i w® Y5 07.
s=1

Extended nonholonomic mechanical control system:

9

V= gaxo 5

n—m

+F07+Z)\Z O’y—i—Zu Ys079

r=1 s=1

6&? =Fo (;)\/7 U)

9
(9x°

o v: | — CA\) is a differentiable curve;
e V is the extended Levi-Civita connection,
all the new Christoffel symbols are equal to zero;
e moy=4€Dwithm: TQ=TRx TQ — TQ.

8/27



OCP Nonholonomic Kinematic
ANY CONNECTION?
Nonholonomic Kinematic

XOZVO )
versus x° =@ .

W0 =F

g—vo—/]:.

Let G: | x @ — R. If (%, u) is an optimal curve of a
nonholonomic mechanical control system with cost function
F = 0G0t +vioG/ox' = dG: | x TQ — R, then there exist
w: | — V such that (v, w) is an optimal curve of the

In some sense,

PROPOSITION

kinematic system with cost function G.
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OCP Nonholonomic Kinematic

WHAT ABOUT EQUIVALENCE?

Let (7, w) be a trajectory of the kinematic control system s.t.

[G(t,4(t))dt = [ dt [ F(t,4(t))dt <

[ dt [ F(2,7(1)de = [ G(2,7(1))dt

PROPOSITION

The time optimal control problem for a nonholonomic
mechanical control system is equivalent to the time optimal
control problem for the associated kinematic system.
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® PONTRYAGIN’S MAXIMUM PRINCIPLE



PMP

PONTRYAGIN’S MAXIMUM PRINCIPLE, PMP

F € C=(Q x U). For u € U, Hamiltonian H": T°Q — R:
Hu(?’ /P\) = </ﬁa y((/)zv U)) = p()f(X, U)+Z piXi(Xv U), X € .}:(Q)
i=1

THEOREM

Let (7, u): | — Q x U be a solution of OCP with end-point
conditions x,, x¢. Then there exists (7,u): | — T*Q x U,
with fiber momenta coordinates \(t) € T:..,)Q such that:

® (0, u) is an integral curve of the Hamiltonian vector field

~

Xnu, ix,. 2 = dH" and 2 the canonical 2—form on T*Q;
® H(o(t), u(t)) = maxgey H(o(t), 1) a. e;

® maxgcy H(o(t), u) = constant for t € I;

® (Mo, \(t)) # 0 for each t € | and )\ is constant.
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EXTREMALS

A curve (F,u): | — Q x U for OCP is
® an extremal if there exist o: | — T*CA? such that

7 =mg o0 and (0, u) satisfies the necessary conditions of
PMP;

® a normal extremal if it is an extremal with \g = —1;
® an abnormal extremal if it is an extremal with \g = 0;

© a strictly abnormal extremal if it is not a normal
extremal, but it is abnormal.

13 /27



OUTLINE

® HAMILTONIAN PROBLEMS: NONHOLONOMIC
VERSUS KINEMATIC



HP Nonholonomic Kinematic

NONHOLONOMIC MECHANICAL HAMILTONIAN

ASSUMPTION: Null connection, no external force.
Hamiltonian function H,,: T*Ta x U — R,

Hm = pov® + qoF + piv' + > qiuY!

s=1
and Hamilton's equations
x0 =0 po=20
_ S 2 sdY!

X’ - V’ Pi —qo Ix! q; Oxi

0_ s
V_ = do = —Po

Sl S 1 ; —
vi=uY! g = —pi
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HP Nonholonomic Kinematic

EXTREMALS FOR THE NONHOLONOMIC MECHANICAL SYSTEM

Ho = pov® + goF + . ..

po =0, Go = —pPo.

DEFINITION

A curve (7,u): | — TQ x U for the mechanical optimal

control problem is
@ a normal extremal f it is an extremal with
e po being a nonzero constant;
e orqo = —1, then pyp = 0;
® an abnormal extremal if it is an extremal with
po =qo = 0.
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HP Nonholonomic Kinematic

KINEMATIC HAMILTONIAN

Hamiltonian function He: T*Q x V — R,

Hy = aoG + ZaiWsYsi )

s=1
and Hamilton's equations

O =G a4 =0
oG LOYI

i
= —aw—2
oxi 77 Oxi

X = Wsysi é,' = —do
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HP Nonholonomic Kinematic

TULCZYJEW DIFFEOMORPHISM

Using Tulczyjew diffeomorphism ¢,

N ¢" A~ Tr+A ~
THTQ) — T(TQ) = TQ
(x,v.p,q) +— (x,q,v,p) — (x,q)

and in the other way round

~1
T™*Q T( T*'(AQ). (b@ T( T'E\))
(x; q) (x,9,%,4) (x,%,49,q)

|

/
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HP Nonholonomic Kinematic

NONHOLONOMIC VERSUS KINEMATIC HAMILTONIAN PROBLEM

Al — T*(T(A\)) is @ momenta along an optimal solution for
the nonholonomic mechanical system.

PROPOSITION
If there exists a ty € | such that (q(to), Vk(to)) < O for every

elementary perturbation vector of the kinematic system,
then q(to) is the initial condition for the momenta to be an

extremal for the kinematic PMP,

19 /27



HP Nonholonomic Kinematic

NONHOLONOMIC VERSUS KINEMATIC HAMILTONIAN PROBLEM

Nonholonomic Kinematic

po =20 ap =10
Go = —Po

COROLLARY
The abnormal optimal curves for nonholonomic mechanical

system with momenta satisfying the previous hypothesis

are abnormal optimal curves for the kinematic system.
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Example

TIME-OPTIMAL KINEMATIC PROBLEM [LIU, SUSSMANN, 1996]

Q = R3. Local coordinates (x,y, z).
D = ker(x*dy — (1 — x)dz) = (9/0x, (1 — x)d/0y + x?0/0z).
g = dx®@dx+1(x)(dy®@dy+dz®dz), ¥(x) = 1/((1—x)?+x%).
End-point conditions: (0) = (0,0,0), v(tr) = (0, 1,0).
Kinematic hamiltonian function:

Hi (3, wi, wy) = arwy + apwa(1 — x) + asx*ws + ap.

Local strict abnormal minimizer for the time-optimal problem:

(v,w): [0,1] - @ x V, t+—(0,t,0,0,1).

Momenta a: t — (0,0,0, a3), a3 # 0, along 7.
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Example

NONHOLONOMIC MECHANICAL SYSTEM

Mechanical hamiltonian function: H,,,(K, U, Uy) = poVvo + qo
+p1vitpavatpsvatqu(—T3pvs —T35vi+ur)+qaua(1—x)+gsx’u;

Hamilton's equations:

X0 = Vo po =10

X=wv p1 = 86r§2 qv3 +2 3 CI1V3 + Galiy — 2XU2Q3
y =W pp=0

z=w ps =0

w=1 do = —Po

\./1 = F22v2 — F§3v32 + u ql = —p1

va = (1 —x) B =—p2+2¢M,v

vz = x%up gz = —ps + 2val 33q1
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Example

MECHANICAL EXTREMALS

The strict abnormal minimizer for the kinematic system
becomes the extremal

A(t) = (t,0,t,0,1,0,1,0)

for the mechanical system.
From Hamilton's equations: u; = up = 1.
Abnormal momenta, gg = pg = 0:

K(t) = (07 07 07 P3, 07 07 07 —p3t + A)

~

Observe that H,,(A(t), u1, ux) = 0.
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Example
ANY NORMAL LIFT?

e pp = —1, then
Kl(t) - (_17070a P3, t+ 870707 _P3t + A)
° p0:01 q0:_1v

7\\2(t) = (07 Oa 07 P3, _17 Oa 07 —pst + A)

Observe that

Hm(/\l(t), ug, Uz) = -1 +t+ B,

Hon(Aa(t), tr, 1) = —1

THUS, ‘y\ is a strict abnormal extremal!
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