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Constrained variational calculus has a rich geometric structure
Arnold ( 1998)J

Our motivation:
@ Optimal control problems of nonholonomic systems with symmetries

@ Reduction of subriemannian problems

Bloch (2003)

Cortés, de Ledn, Martin de Diego, Martinez (2002,2004)
Jurdjevic, Sharpe (1998)

Koon, Marsden (1997)
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PLAIN OF THE TALK |

@ Standard variational nonholonomic (vakonomic) Lagrangian systems

@ Lie algebroids

© Variational nonholonomic (vakonomic) Lagrangian systems on a Lie
algebroid

© Examples

4.1 Lie algebras and optimization theorem for nonholonomic
systems on Lie groups

4.2 Atiyah algebroids and reduction in subriemannian geometry

4.3 Optimal control systems on Lie algebroids
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1. Variational nonholonomic (vakonomic) Lagrangian systems

Q = The configuration manifold

77¢ : TQ — Q the canonical projection
L: TQ — R the Lagrangian function
M — TQ the constraint submanifold
™ = (T7Q)jm : M — Q is a fibration
qo,q1 € Q

a:fto, 1] = Q€ C(q',q°) / a(t) € Myyy = M5 (a(t)), Ve }
a(to) = qo and a(t1) = q1

Clqo, q1) = {

The action functional
= o — t
0S:C(qo,q1) = R, a—dS(a) = / L(a(t))dt
to
The i~nfinitesima| variations
a€C(qo,q1) = as = ¢s(a), Vs
¢s 1 Q@ — Q the flow of a vector field X on Q
X(qo) = Oa X(ql) = 07 (T¢5)(M) =M

Remark: (T¢s)(M) = M < X/, is tangent to M
X€¢ = the standard complete lift of X to TQ
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Problem

To find critical points of the action functional S

The (normal) solutions of the constrained (vakonomic) problem
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Reduction of standard variational nonholonomic (vakonomic) Lagrangian |

systems

L:TQ =R, M= TQ

(L, M) a constrained system, L = Lim
p:Q — Q/G a principal G-bundle

®: G x Q — Q the free action of G on Q

The action ® preserves the vakonomic system

(TO)(M)C M, Lo(Tdg)m=L

Juan Carlos Marrero Geometry of variational nonholonomic Lagrangian systems wit|



A reduced constrained system |

L|G : TQ|G — R the reduced Lagrangian
M/ G the reduced constrained submanifold of TQ/G

Z|\(J§ : M/G — R the reduced constrained Lagrangian

The solutions of the variational constrained system (L, M) project, via p,
on the solutions of the reduced constrained system

Problem

(L|G, M|G) is not an standard vakonomic Lagrangian system (TQ/G is
not, in general, a tangent bundle)

However, TQ/G admits a Lie algebroid structure
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2.- Lie algebroids ‘

7e : E — Q a real vector bundle over Q

I'(E) = sections of 7 : E — @

A Lie algebroid structure ([, ]e, pe) on E

(1) Is1e:T(E) x T(E) — I'(E) a Lie bracket on '(E)

(ii) pe: E — TQ a vector bundle morphism such that

IIXafYIIE:fIIX7 Y]]E"’pE(X)(f)Ya X7YEF(E)’f€COO(Q)
pe = the anchor map

(7) and (if) = pe : T(E) — X(Q) is a Lie algebra morphism
K.C. H. Mackenzie (2005)
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The local structure equations ‘

(g?) = local coordinates on @
{ei} a local basis of I'(E)
4

(g",v') = the local coordinates on E

The local structure functions C_; and (pe),,

pe(es) = (eVizle, [ews eale = Clue,

A0 B
eyt 20 (peyp2oell _ p0cs

!

o0C;
> lee) 55 + CuGil =0

cyclic(i,j,k)

The local structure equations
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- S

p: Q— Q/G a principal G-bundle
T1Q/6 : TQ/G — Q/G, [vq] — p(q) is a real vector bundle over Q/G
N7TQR/G)={X € X(Q)/X is G-invariant}

@ X,Y € X(Q) are G-invariant = [X, Y] also is G-invariant
I
[ lre/6 : T(TQR/G) x T(TQR/G) — I'(TQ/G) a Lie bracket on I'(TQ/G)
@ X € X(Q) is G-invariant = X is p-projectable
I
pre/6  TQ/G — T(Q/G), [vq]l = (Tqp)(vq) the anchor map

TrQ/6 - TQ/G — Q/G the Atiyah algebroid
associated with the principal G-bundle p: Q — Q/G
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PARTICULAR CASES:

@ G={e} = TQ/G = TQ (tangent bundles)
M(7TQ)=%(Q) [,-1rq@ =[,] the standard Lie bracket of vector fields on Q
p1@ ¢ TQ — TQ is the identity map
@ G=Q=TG/G = (G x g)/G = g (lie algebras)
[-,-1s is the Lie bracket [, ]g, pg : g — {a point} is the constant map
@ p: Q=G x N — N a trivial principal G-bundle

¢

TGxTN _ Gxgx TN
= = TN
G G gx

TQ/G =

TTQ/G - TQ/GggX TN—>Q/G:N
(product of a tangent bundle and a Lie algebra)

Mg x TN) = C>=(N,g) ® X(N)

675/ € 9, X7Xl € %(N) = ﬂ(£7X)7(£/7X/)]IGXTN = ([575/137 [X’Xl])
paxTn(§, X) = X
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Admissible curves on a Lie algebroid ‘

(E,[,-1e, pe) a Lie algebroid over @
o:l — E acurveon E

d
« admissible <= ppoa = E(a o TE)

A particular case:
E=TQ (pc = Id)

a: | — TQ is admissible <= « is the tangent lift of a curve a: |— Q on @
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Complete Lifts of sections in a Lie algebroid ‘

J. Grabowski, P. Urbanski (1997)
(E,[,]e, pe) a Lie algebroid over @

X:Q— E€cTI(E)
4
X¢ € X(E) the complete lift to E of X

(g#, v') = local fibred coordinates on E
X = X’e,-

0 Aa i 0
Cc Xl
X = X'(pe)7 aqh + ((pe); OV 78\/,(

A particular case:

E=TQ(= (pe) =05 Clz=0)

B
X =XPq0 € X(Q) =T(E), X=X + Foev ol
The standard complete lift of X € X(Q)
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Variational nonholonomic (vakonomic) Lagrangian systems on a Lie algebroid

(E,[,le, pe) a Lie algebroid over @
L: E — R a Lagrangian function

M — E the constraint submanifold
™ = (Te)jm : M — Q is a fibration

(90,q1) € Q

C(q0, 1) = {

The action functional

a:[to,t1)]) = E / «is admissible, 7e(a(t)) = qo,
Te(a(t1)) = g1 and a(t) € M, Vi

5S :Cqo, 1) — R, o — 6S(a) = /tl L(a(t))dt

The infinitesimal variations
a € C(qo, q1) = as = Vs(),Vs

to

Vs : E — E is the flow of X¢, with X € ['(E) and
X(q0) =0, X(gq1)=0and Vs(M)=M

Juan Carlos Marrero
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To find the critical points of the action functional 6S
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The local expression
(qA) = local coordinates on @

{e;} a local basis of I'(E)
(g#,v') = the local coordinates on E

(pe)f, Cf the local structure functions on E

M = {(q*,v') = (¢",v?,v*)/v* = V*(q*,v?),Va}

Vakonomic equations

g* = v2(pe)s + YV (pE)a,
d (ol v« oL aw N
9t (8 Paga | = (@ - )(PE)A v Clypi — W Clpi
owh A ark B rk
(8(] — P35 A 8(] )(pE)a_v Caapk_w C. aBPk

oL ove .
pa - ava pa ava 9
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B

4.1 Lie algebras and Optimization theorem for nonholonomic systems on
Lie groups

The Lie algebroid E:

g = a real Lie algebra of finite dimension

The Lagrangian function / : g — R
The constraint submanifold M:

M = € an affine subspace of g modelled over the vector space C
€l e#0

{ei} = {ea,e0,63} = {e€s,€4} a basis of g

{e,} is a basis of C

[ei, ] = Cirex
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A curve o : t — (v3(t),VO(t),v3(t)) = (v3(t),1,0,...,0) in &
o is a solution of the vakonomic equations for (L, €)

)

d oL oL
(555) = 5= (v*Co+ C2) — Palv Cly + €,
: 8Z b c c b B B
Pa = _8VC(V Cab + CaO) ( C + CaO)
(1) = (Zh 0 Palt)
= (%‘U(t),O) + A(t) a curve in g*
U
- satisfies the Euler-Poincaré equations
d oL . oL
E(EJ“A) ad (a—+/\)

Optimization theorem for nonholonomic systems on Lie groups
Koon, Marsden (1997)
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4.2.- Atiyah algebroids and reduction in subriemannian geometry

p:Q— Q= Q/G a principal G-bundle
D a distribution on @
Assumption 1 T4Q = Dg + V4p,Vq € Q

< -,- >p is a bundle metric on D

Assumption 2: D and < -,- >p are G-invariant
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g€ Q= S,=DyN Vy(p)

The nonholonomic connection
g € @ = HJ" = the orthogonal complement S;- of S in D,

Bloch, Krishnaprasad, Marsden and Murray (1996)

Lagrangian function on D

1
L:D— R, L(vq):§<vq,vq>D
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T1q/6 : TQ/G — Q = Q/G the Atiyah algebroid

D/G is a vector subbundle of TQ/G

I=L/G:D/G — R the reduced constrained Lagrangian function
(I,D/G) a vakonomic system on the Atiyah algebroid

rro/6 TQ/G — Q=Q/G
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The local expressions:

(x;‘) local coordinates on Q = Q/G

fei} = {ea = ()" 0} = {en, ear ea}

a local basis of [(TQ/G) = {X € X(Q)/X is G-invariant}
{ez,es} a local basis of [(D/G)

ey is a vertical G-invariant vector field on @

(xA, x4, v®) local coordinates on TQ/G
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. ! 1"
[ea eslro/c = Bigzei, lea eolra/c = nbgeo, leo, eolra/c = Cooreor

pre/clea) = A p1q/c(e) =0

o1t — o(t) = (xA(t), ¥A(t), v3(t),0) a curve in D/G

o is a solution of the vakonomic equations for the system (/, D/G)

)
d ol . ol s ol s .
)=— — (x°B35 + Vb/i;\b)ava — (XBB%5 + vPug,)pa

E(aki - IxA
d ol . . 5. N .
E(Bva) - (XBuBa - Vb ab) ove + (XB'UBQ - Vb ab)pa

. 7 ol N
Pa = (XAM%Q — Vac(i)a)m + (XBﬂga - Vacga)pﬂ
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{ez,a,} an orthonormal local basis of [(D/G)

I

A LA ay _ 1 . A a
164,52, 07) = (S + S P)

A = =N (xBBag + vPug, v — (BB + vPig,)Pas

a
V=Y (xPug, — VeV + (xPug, — vPCh)pa,

c

o =D (KB, —v3Ch)yP + (Puh — v CE)ps
b

Application: Reduction of subriemannian problems
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4.3 Optimal control systems on Lie algebroids |

(E, [, ]e, pe) a Lie algebroid over a manifold Q

7 : C — Q a fibration

o : C — E a section along 7

I: C — R an index (cost) function
(m,0,1) an optimal control system on E
Martinez (2004)

(90,q1) € Q

Problem: To find the curves t — ¢(t) on C such that
m(c(to)) = qo, w(c(t1)) = g1 and

oo—i(o)
pecooc=—(moc

and minimize ftf,l I(c(t))dt
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The vakonomic system associated with the optimal control system |

Hypothesis: M = ¢(C) is an embedded submanifold of E

4

o : C — M is a diffeomorphism

L=/oc ':M— Risa Lagrangian function

(L, M) is the vakonomic system on E associated

with the optimal control system
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The local expressions
(g”) = local coordinates on Q (the state variables)

{ei} a local basis of ['(E)
ck

i (pe)? local structure functions on E

(g*, v') = local coordinates on E

7(q?, u?) = q* (v = the control functions )
a(g*, u?) = (g%, v?,0%(q", v?))

Problem:

To find the curves t — c(t) = (q”(t), u?(t)) such that

q(t0) = qo, q(t1) = q1,
d A
= = (pe)iu” + (pe)ho”, VA

and minimize ftzl I(gA(t), u?(t))dt.
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A particular case: E = TQ
An standard optimal control system on Q
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An explicit example on an Atiyah algebroid ‘

A (homogeneous) sphere of radius r = 1, mass m and inertia about any
axis k2, rolls without sliding on a horizontal table which rotates with
constant angular velocity Q about the g3-axis. The coordinates of the
point of contact of the sphere with the plane are (g*, ¢°).

Neimark, Fufaev (1972)

Configuration space: Q = R? x SO(3)

A trivial principal bundle p: @ = R? x SO(3) — R?

Nonholonomic system on the Atiyah algebroid

E = TQ/SO(3) = THxS0G)xs0(3) & TR2 x RS — R?

S0(3)
ql - qu = _Qq2a
P +wp = Qq', ()
qu = C
with ¢ € R and (wq1,wq,wqs) the components of the angular velocity of
the sphere
k*Q k?Q
=1l .2 =D -1
T+ 11 k27 S = A
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Optimization problem ‘

Full control over the motion of the center of the ball

/(qla q27 ql’ (-72; wq17wq27wq3) = %((ql)Z + (q2)2)

PLATE-BALL PROBLEM Given points qo,q1 € Q, find an optimal
control curve (q*(t), g?(t)) on the reduced space that steer the
system from qg to qi, minimizes fol i ((g%)? + (¢°)?) dt, subject
to the constraints defined by Equations (*¥*)

Koon, Marsden (97)

E = The Atiyah algebroid 7¢ : TR? x R® — R?
T:C=R*xR* = Q=R% ((¢".¢°),(v",v*)) = (a",4%)
0:C=R?>xR?>— E=TR?2xR?

((¢". ¢, (u',v?)) — (q", g% vt P, —? + Qg u' + Q4P )

The index function = /
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vi=¢gt v2=¢? v3:wq1, v4:a)qz7 vszwqa

ps = cpa— (vi+9Q4%) ps

ps = —cp3— (V2 - qu) Ps

ps = (VI+Q¢?) ps+ (V2 —Qq') pa
% (Vl - P4) = —Qps
S (Vi +p) = —Qp
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SOME CONCLUSIONS

@ The theory of Lie algebroids plays an important role in the
geometric formulation of variational nonholonomic (vakonomic)
Lagrangian systems with symmetries

@ The theory of Lie algebroids gives a natural interpretation for the
use of quasi-coordinates in vakonomic mechanics

To take local coordinates which are adapted to the vakonomic
problem (they simplify the resolution of the dynamical equations)

)

To choose an appropriated local basis of sections of the Lie algebroid

(Reduction of subriemannian problems)
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