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Constrained variational calculus has a rich geometric structure
Arnold (1998)

Our motivation:

Optimal control problems of nonholonomic systems with symmetries

Reduction of subriemannian problems

Bloch (2003)
Cortés, de León, Mart́ın de Diego, Mart́ınez (2002,2004)
Jurdjevic, Sharpe (1998)
Koon, Marsden (1997)
.......
.......
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1. Variational nonholonomic (vakonomic) Lagrangian systems

Q ≡ The configuration manifold
τTQ : TQ → Q the canonical projection
L : TQ → R the Lagrangian function
M ↪→ TQ the constraint submanifold
τM = (τTQ)|M : M → Q is a fibration
q0, q1 ∈ Q

C̃(q0, q1) =

{
a : [t0, t1] → Q ∈ C2(q1, q2) / ȧ(t) ∈ Ma(t) = M ∩ τ−1

Q (a(t)),∀t
a(t0) = q0 and a(t1) = q1

}
The action functional

δ̃S : C̃(q0, q1) → R, a → δ̃S(a) =

∫ t1

t0

L(ȧ(t))dt

The infinitesimal variations
a ∈ C̃(q0, q1) =⇒ aS = φS(a), ∀s
φS : Q → Q the flow of a vector field X on Q

X (q0) = 0, X (q1) = 0, (TφS)(M) = M

Remark: (TφS)(M) = M ⇔ X c
|M is tangent to M

X c ≡ the standard complete lift of X to TQ

Juan Carlos Marrero Geometry of variational nonholonomic Lagrangian systems with symmetries



Problem

To find critical points of the action functional δ̃S

Answer

The (normal) solutions of the constrained (vakonomic) problem
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Reduction of standard variational nonholonomic (vakonomic) Lagrangian
systems

L : TQ → R, M ↪→ TQ

(L,M) a constrained system, L̃ = L|M

p : Q → Q/G a principal G -bundle

Φ : G × Q → Q the free action of G on Q

The action Φ preserves the vakonomic system

(TΦg )(M) ⊆ M, L ◦ (TΦg )|M = L
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A reduced constrained system

L|G : TQ|G → R the reduced Lagrangian

M/G the reduced constrained submanifold of TQ/G

L̃|G : M/G → R the reduced constrained Lagrangian

The solutions of the variational constrained system (L,M) project, via p,
on the solutions of the reduced constrained system

Problem

(L|G ,M|G ) is not an standard vakonomic Lagrangian system (TQ/G is
not, in general, a tangent bundle)

However, TQ/G admits a Lie algebroid structure
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2.- Lie algebroids

τE : E → Q a real vector bundle over Q

Γ(E ) ≡ sections of τE : E → Q

A Lie algebroid structure ([[·, ·]]E , ρE ) on E

(i) [[·, ·]]E : Γ(E )× Γ(E ) → Γ(E ) a Lie bracket on Γ(E )

(ii) ρE : E → TQ a vector bundle morphism such that

[[X , fY ]]E = f [[X ,Y ]]E + ρE (X )(f )Y , X ,Y ∈ Γ(E ), f ∈ C∞(Q)

ρE ≡ the anchor map

(i) and (ii) =⇒ ρE : Γ(E ) → X(Q) is a Lie algebra morphism

K.C. H. Mackenzie (2005)
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The local structure equations

(qA) ≡ local coordinates on Q
{ei} a local basis of Γ(E )

⇓

(qA, v i ) ≡ the local coordinates on E

The local structure functions Cγ
αβ and (ρE )iα

ρE (eα) = (ρE )Aα
∂

∂qA , [[eα, eβ]]E = Cγ
αβeγ

(ρE )Ai
∂(ρE )Bj

∂qA
− (ρE )Aj

∂(ρE )Bi
∂qA

= (ρE )Bk C k
ij

∑
cyclic(i,j,k)

[(ρE )Ai
∂C l

jk

∂qA
+ C l

inC
m
jk ] = 0

The local structure equations
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Examples:

p : Q → Q/G a principal G -bundle

τTQ/G : TQ/G → Q/G , [vq] → p(q) is a real vector bundle over Q/G

Γ(TQ/G ) = {X ∈ X(Q)/X is G -invariant}

X ,Y ∈ X(Q) are G -invariant ⇒ [X ,Y ] also is G -invariant

⇓

[[·, ·]]TQ/G : Γ(TQ/G )× Γ(TQ/G ) → Γ(TQ/G ) a Lie bracket on Γ(TQ/G )

X ∈ X(Q) is G -invariant ⇒ X is p-projectable

⇓

ρTQ/G : TQ/G → T (Q/G ), [vq] → (Tqp)(vq) the anchor map

τTQ/G : TQ/G → Q/G the Atiyah algebroid

associated with the principal G -bundle p : Q → Q/G
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Particular cases:

G = {e} =⇒ TQ/G = TQ (tangent bundles)

Γ(TQ) = X(Q) [[·, ·]]TQ = [·, ·] the standard Lie bracket of vector fields on Q

ρTQ : TQ → TQ is the identity map

G = Q =⇒ TG/G ∼= (G × g)/G ∼= g (lie algebras)

[[·, ·]]g is the Lie bracket [·, ·]g, ρg : g → {a point} is the constant map

p : Q = G × N → N a trivial principal G -bundle

⇓

TQ/G ∼=
TG × TN

G
∼=

G × g× TN

G
∼= g× TN

τTQ/G : TQ/G ∼= g× TN → Q/G = N

(product of a tangent bundle and a Lie algebra)

Γ(g× TN) ≡ C∞(N, g)⊕ X(N)

ξ, ξ′ ∈ g, X , X ′ ∈ X(N) ⇒ [[(ξ, X ), (ξ′, X ′)]]g×TN = ([ξ, ξ′]g, [X , X ′])

ρg×TN(ξ, X ) = X
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Admissible curves on a Lie algebroid

(E , [[·, ·]]E , ρE ) a Lie algebroid over Q
α : I → E a curve on E

α admissible ⇐⇒ ρE ◦ α =
d

dt
(α ◦ τE )

A particular case:

E = TQ (ρE = Id)

α : I → TQ is admissible ⇐⇒ α is the tangent lift of a curve a: I→ Q on Q
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Complete Lifts of sections in a Lie algebroid

J. Grabowski, P. Urbanski (1997)

(E , [[·, ·]]E , ρE ) a Lie algebroid over Q

X : Q → E ∈ Γ(E )
⇓

X c ∈ X(E ) the complete lift to E of X

(qA, v i ) ≡ local fibred coordinates on E

X = X iei

X c = X i (ρE )Ai
∂

∂qA
+ ((ρE )Aj

∂X k

∂qA
− X iC k

ij )v
j ∂

∂vk

A particular case:

E = TQ(=⇒ (ρE )Aβ = δA
β , Cγ

αβ = 0)

X = XB ∂
∂qB ∈ X(Q) = Γ(E ), X c = XB ∂

∂qB + ∂XB

∂qA vA ∂
∂vB

The standard complete lift of X ∈ X(Q)

Juan Carlos Marrero Geometry of variational nonholonomic Lagrangian systems with symmetries



Variational nonholonomic (vakonomic) Lagrangian systems on a Lie algebroid

(E , [[·, ·]]E , ρE ) a Lie algebroid over Q

L : E → R a Lagrangian function

M ↪→ E the constraint submanifold

τM = (τE )|M : M → Q is a fibration

(q0, q1) ∈ Q

C(q0, q1) =

{
α : [t0, t1] → E / α is admissible, τE (α(t0)) = q0,

τE (α(t1)) = q1 and α(t) ∈ M,∀t

}
The action functional

δS : C(q0, q1) → R, α → δS(α) =

∫ t1

t0

L(α(t))dt

The infinitesimal variations
α ∈ C(q0, q1) ⇒ αS = ΨS(α),∀s
ΨS : E → E is the flow of X c , with X ∈ Γ(E ) and

X (q0) = 0, X (q1) = 0 and ΨS(M) = M
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Problem

To find the critical points of the action functional δS
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The local expression
(qA) ≡ local coordinates on Q

{ei} a local basis of Γ(E )

(qA, v i ) ≡ the local coordinates on E

(ρE )Ai ,C k
ij the local structure functions on E

M = {(qA, v i ) = (qA, v a, vα)/vα = Ψα(qA, v a),∀α}

Vakonomic equations

q̇A = v a(ρE )Aa + Ψα(ρE )Aα,

d

dt

(
∂L̃

∂v a
− pα

∂Ψα

∂v a

)
=
( ∂L̃

∂qA
− pα

∂Ψα

∂qA

)
(ρE )Aa − vbC k

abpk −ΨαC k
aαpk

ṗα =
( ∂L̃

∂qA
− pβ

∂Ψβ

∂qA

)
(ρE )Aα − v aC k

αapk −ΨβC k
αβpk

pa =
∂L̃

∂v a
− pα

∂Ψα

∂v a
, L̃ = L|M : M → R
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4.- Examples

4.1 Lie algebras and Optimization theorem for nonholonomic systems on
Lie groups

The Lie algebroid E :

g ≡ a real Lie algebra of finite dimension

The Lagrangian function l : g → R
The constraint submanifold M:

M = C an affine subspace of g modelled over the vector space C

e0 ∈ C, e0 6= 0

{ei} = {ea, eo , eā} = {ea, eα} a basis of g

{ea} is a basis of C

[ei , ej ] = C k
ij ek
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A curve σ : t → (va(t), v0(t), v ā(t)) = (va(t), 1, 0, . . . , 0) in C

σ is a solution of the vakonomic equations for (L,C)

m
d

dt

( ∂L̃

∂va

)
= − ∂L̃

∂v c
(vbC c

ab + C c
a0)− pβ(vbCβ

ab + Cβ
a0),

ṗα = − ∂L̃

∂v c
(vbC c

αb + C c
α0)− pβ(vbCβ

αb + Cβ
α0).

t → γ(t) = ( ∂L̃
∂va |σ(t)

, pα(t))

= ( ∂L̃
∂va |σ(t)

, 0) + λ(t) a curve in g∗

⇓
γ satisfies the Euler-Poincaré equations

d

dt
(
∂L̃

∂v
+ λ) = ad∗σ(

∂L̃

∂v
+ λ)

Optimization theorem for nonholonomic systems on Lie groups
Koon, Marsden (1997)
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4.2.- Atiyah algebroids and reduction in subriemannian geometry

p : Q → Q̄ = Q/G a principal G -bundle

D a distribution on Q

Assumption 1 TqQ = Dq + Vqp,∀q ∈ Q

< ·, · >D is a bundle metric on D

Assumption 2: D and < ·, · >D are G -invariant

Juan Carlos Marrero Geometry of variational nonholonomic Lagrangian systems with symmetries



q ∈ Q ⇒ Sq = Dq ∩ Vq(p)

The nonholonomic connection
q ∈ Q ⇒ Hnh

q = the orthogonal complement S⊥q of Sq in Dq

Bloch, Krishnaprasad, Marsden and Murray (1996)

Lagrangian function on D

L : D → R, L(vq) =
1

2
< vq, vq >D
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τTQ/G : TQ/G → Q̄ = Q/G the Atiyah algebroid

D/G is a vector subbundle of TQ/G

l = L/G : D/G → R the reduced constrained Lagrangian function

(l ,D/G ) a vakonomic system on the Atiyah algebroid

τTQ/G : TQ/G → Q̄ = Q/G
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The local expressions:

(x Ā) local coordinates on Q̄ = Q/G

{ei} = {eĀ = ( ∂
∂x Ā

)h, eθ} = {eĀ, ea, eα}

a local basis of Γ(TQ/G ) ∼= {X ∈ X(Q)/X is G -invariant}

{eĀ, ea} a local basis of Γ(D/G )

eθ is a vertical G -invariant vector field on Q

(x Ā, ẋ Ā, vα) local coordinates on TQ/G

Juan Carlos Marrero Geometry of variational nonholonomic Lagrangian systems with symmetries



[[eĀ, eB̄ ]]TQ/G = Bi
ĀB̄ei , [[eĀ, eθ]]TQ/G = µθ′

Āθ
eθ′ , [[eθ, eθ′ ]]TQ/G = C θ′′

θθ′eθ′′

ρTQ/G (eĀ) =
∂

∂x Ā
, ρTQ/G (eθ) = 0

σ : t → σ(t) = (x Ā(t), ẋ Ā(t), v a(t), 0) a curve in D/G

σ is a solution of the vakonomic equations for the system (l ,D/G )

m

d

dt
(

∂l

∂ẋ Ā
) =

∂l

∂x Ā
− (ẋ B̄Ba

B̄B̄ + vbµa
Āb)

∂l

∂v a
− (ẋ B̄Bα

ĀB̄ + vbµα
Āb)pα

d

dt
(

∂l

∂v a
) = (ẋ B̄µc

B̄a − vbC c
ab)

∂l

∂v c
+ (ẋ B̄µα

B̄a − vbCα
ab)pα

ṗα = (ẋ Āµb
Āα
− v aC b

αa)
∂l

∂vb
+ (ẋ B̄µβ

Āα
− v aCβ

αa)pβ
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{eĀ, aa} an orthonormal local basis of Γ(D/G )

⇓

l(x Ā, ẋ Ā, v a) =
1

2
(
∑

(ẋ Ā)2 +
∑

(v a)2)



ẍ Ā = −
∑

a

(ẋ B̄Ba
ĀB̄ + vbµa

Āb)v
a − (ẋ B̄Bα

ĀB̄ + vbµα
Āb)pα,

v̇ a =
∑

c

(ẋ B̄µc
B̄a − vbCc

ab)v
c + (ẋ B̄µα

B̄a − vbCα
ab)pα,

ṗα =
∑

b

(ẋ Āµb
Āα
− v aCb

αa)y
b + (ẋ Āµβ

Āα
− v aCβ

αa)pβ

Application: Reduction of subriemannian problems
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4.3 Optimal control systems on Lie algebroids

(E , [[·, ·]]E , ρE ) a Lie algebroid over a manifold Q

π : C → Q a fibration

σ : C → E a section along π

l : C → R an index (cost) function

(π, σ, l) an optimal control system on E

Mart́ınez (2004)

(q0, q1) ∈ Q

Problem: To find the curves t → c(t) on C such that
π(c(t0)) = q0, π(c(t1)) = q1 and

ρE ◦ σ ◦ c =
d

dt
(π ◦ c)

and minimize
∫ t1
t0

l(c(t))dt
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The vakonomic system associated with the optimal control system

Hypothesis: M = σ(C ) is an embedded submanifold of E

⇓

σ : C → M is a diffeomorphism

L = l ◦ σ−1 : M → R is a Lagrangian function

(L,M) is the vakonomic system on E associated

with the optimal control system
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The local expressions
(qA) ≡ local coordinates on Q (the state variables)

{ei} a local basis of Γ(E )

C k
ij , (ρE )Ai local structure functions on E

(qA, v i ) ≡ local coordinates on E

π(qA, ua) = qA (ua ≡ the control functions )
σ(qA, ua) = (qA, ua, σα(qA, ua))

Problem:

To find the curves t → c(t) = (qA(t), ua(t)) such that
q(t0) = q0, q(t1) = q1,

dqA

dt
= (ρE )Aa ua + (ρE )Aασα, ∀A

and minimize
∫ t1
t0

l(qA(t), ua(t))dt.
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A particular case: E = TQ
An standard optimal control system on Q
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An explicit example on an Atiyah algebroid

A (homogeneous) sphere of radius r = 1, mass m and inertia about any
axis k2, rolls without sliding on a horizontal table which rotates with
constant angular velocity Ω about the q3-axis. The coordinates of the
point of contact of the sphere with the plane are (q1, q2).

Neimark, Fufaev (1972)
Configuration space: Q = R2 × SO(3)

A trivial principal bundle p : Q = R2 × SO(3) → R2

Nonholonomic system on the Atiyah algebroid

E = TQ/SO(3) ∼= TR2×SO(3)×so(3)
SO(3)

∼= TR2 × R3 → R2

q̇1 − ωq2 = −Ωq2,
q̇2 + ωq1 = Ωq1,

ωq3 = c

 (∗∗)

with c ∈ R and (ωq1 , ωq2 , ωq3) the components of the angular velocity of
the sphere

q̈1 +
k2Ω

1 + k2
q̇2 = 0, q̈2 − k2Ω

1 + k2
q̇1 = 0
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Optimization problem

Full control over the motion of the center of the ball

l(q1, q2, q̇1, q̇2;ωq1 , ωq2 , ωq3) = 1
2((q̇1)2 + (q̇2)2)

plate-ball problem Given points q0, q1 ∈ Q, find an optimal
control curve (q1(t), q2(t)) on the reduced space that steer the

system from q0 to q1, minimizes
∫ 1
0

1
2

(
(q̇1)2 + (q̇2)2

)
dt, subject

to the constraints defined by Equations (**)
Koon, Marsden (97)

E ≡ The Atiyah algebroid τE : TR2 × R3 → R2

π : C = R2 × R2 → Q = R2, ((q1, q2), (u1, u2)) → (q1, q2)

σ : C ≡ R2 × R2 → E = TR2 × R3

((q1, q2), (u1, u2)) → (q1, q2; u1, u2,−u2 + Ωq1, u1 + Ωq2, c)

The index function ≡ l
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v1 = q̇1, v2 = q̇2, v3 = ωq1 , v4 = ωq2 , v5 = ωq3

ṗ3 = cp4 −
(
v1 + Ωq2

)
p5

ṗ4 = −cp3 −
(
v2 − Ωq1

)
p5

ṗ5 =
(
v1 + Ωq2

)
p3 +

(
v2 − Ωq1

)
p4

d
dt

(
v1 − p4

)
= −Ωp3

d
dt

(
v2 + p3

)
= −Ωp4

Juan Carlos Marrero Geometry of variational nonholonomic Lagrangian systems with symmetries



Some conclusions

The theory of Lie algebroids plays an important role in the
geometric formulation of variational nonholonomic (vakonomic)
Lagrangian systems with symmetries

The theory of Lie algebroids gives a natural interpretation for the
use of quasi-coordinates in vakonomic mechanics

To take local coordinates which are adapted to the vakonomic
problem (they simplify the resolution of the dynamical equations)

m

To choose an appropriated local basis of sections of the Lie algebroid

(Reduction of subriemannian problems)
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