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Discrete Euler—Lagrange equations

o A discrete Lagrangian isamap Lg: Q x Q — R, which
should be thought of as an approximation of a continuous
Lagrangian L: TQ — R.

@ For unconstrained systems, a discrete variational principle
yields the well-known discrete Euler-Lagrange (DEL)
equations

DiLa(dx, qk+1) + D2La(gx—1,49x) = 0.

@ One can find qy 1 from qx_1 and qy if and only if the
matrix (D1pL4) is regular, i.e., if the discrete Lagrangian is
regular.
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A geometric nonholonomic integrator

@ From now on, we will work with nonholonomic mechanical
systems with constraints linear in the velocities, which are
given by a distribution D in TQ.

@ We restrict ourselves to the case where the Lagrangian is of
mechanical type

Livg) = %Q(Vq/\’q) —V(q), vq € TqQ,

where g is a Riemannian metric on Q.
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A geometric nonholonomic integrator

By using the metric g of the kinetic energy, we can obtain two
complementary projectors

P:TQ > D
Q: TQ — D+ .
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A geometric nonholonomic integrator

@ The proposed discrete nonholonomic equations are

Plq. (Dilalax, di+1)) + Pl (Dalaldk-1,dx)) =

*

"q (D1laldi, d+1)) — 9y, (D2laldik—1, qx)) =

o The first equation is the projection of DEL to D.

o The second equation can be interpreted as an elastic impact
of the system against D. It is a discretization of the
constraints.
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A geometric nonholonomic integrator

@ The proposed discrete nonholonomic equations are

Pl (Dilalax, di+1)) + Py, (Dalaldk-1, ak))

*

=0
‘a (D1laldk, di+1)) — 9y, (D2laldk—1,qx)) =0
o The first equation is the projection of DEL to D.
o The second equation can be interpreted as an elastic impact
of the system against D. It is a discretization of the
constraints.

e Alternatively,

Dila(dk, di+1) + (" — Q%) 4, (D2Llaldk—1,qx)) =0

@ This defines a unique discrete evolution operator if and only
if the matrix (D1yL4) is regular, i.e., if the discrete
Lagrangian is regular (same condition as for unconstrained
systems).
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Example: nonholonomic particle

e Continuous Lagrangian L(x,y,z,%,1,2) = % (XZ + 12 + i2>
@ Nonholonomic constraint: z —yx = 0.
@ Discrete Lagrangian:

(o) () (252)]

@ Discrete nonholonomic equations:

Xo — 2X1 + Xo zp — 221 + z9
(33 e (2572) -

Lg=—
d7 9

V2—2u1t+v _,
h2
22— 2o X2 —Xo
n Yo
e DLA algorithm (Cortés and Martinez, 2001) replaces the

third equation by

n—z1 <92+91> XX—X_

h 2 h
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A geometric nonholonomic integrator

Define the discrete Legendre transformations associated to L4 as
mappings Q x Q — T*Q given by

F~La(qo, d1) = (do,—D1La(qo, q1))
F*La(do, a1) = (g1, D2Laldo, d1)),
and define the pre- and post-momenta
Pr_1x = F'Laldx—1,dx) = (dx, D2La(qx—1, qx))
Prrr1 = F Laldx dx+1) = (g, —DiLlaldk, dk+1))-

We may rewrite the discrete nonholonomic equations as

Prxs1 = (P7—0Q7) |qk(PL1,k)
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A geometric nonholonomic integrator

In our method, the momenta are related by a reflection with
respect to the image of P*: T*Q — (D+)° C T*Q.

)_\_; - Qx+1
qr—1 — .

+ Pr
. Pr 1k kk+1

The second equation of the method,

'y (D1laldk, d+1)) — 9y, (D2Laldk—1,qx)) =0,

« [Prx+1t plil,k _0
ldx ) -

implies

In this sense the proposed numerical method preserves the
nonholonomic constraints.
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Left-invariant systems

@ Consider a discrete nonholonomic Lagrangian system on a
Lie group G, with a discrete Lagrangian L4: G x G — R
that is left-invariant.

@ Define the increment Wy = g, 1 gk+1. The pre- and
post-momenta turn out to be related by

+ _ px —
Prk+1 = Rw;lpk,kﬂ

where R* is the mapping on T*G induced by right
multiplication.

@ Therefore, the discrete nonholonomic equations become
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Left-invariant systems

@ Suppose that both L4 and D are left-invariant.
@ Define the discrete body momentum as

Pk = Lo Picis1 €97
@ Our method becomes
pr = (P— Q)" (Adyy, , Pr—1)-
e Compare to the discrete Euler-Poincaré-Suslov equations
(Fedorov and Zenkov, 2005):

Pk = 16;(31.:;\/](71 Prx—1+ Z 7\j Clj
j
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Preserving energy on Lie groups

Theorem

If

@ the configuration manifold is a Lie group,

@ the continuous Lagrangian is bi-invariant,
o the discrete Lagrangian is left-invariant, and
e D is arbitrary,

then

@ the proposed method is energy-preserving.

Proof.

L(vg) = % <H9’1vg,9’1vg>,

where II: ¢ — g* is a non-singular, equivariant inertia tensor:
Ad;. ol =IoAdgforallg € G.
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Preserving energy on Lie groups

Proof (cont’d). There is a bi-invariant inner product and a
corresponding norm || - || on each fiber of T*G:

Ipgllf = <pg,p§;,> = <pg,LgJI*1Lgpg> = <pg,Rng1Rgpg>.

P* and Q* are orthogonal complementary projectors with
respect to this inner product, and thus for p € T*G,

1(P—Q)*p|IF = (P*p, P*p)1 + (2*p, Q*p)1 = (P + Q)*p|}
= |p|3.
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Preserving energy on Lie groups

Proof (cont’d).
o gk (DL)O
= - -
Jk—1 —
" Pl Pt
Pr_1x A +\gkﬂ
TR o P
wl, RW;l

The energy is H(g, p) = 3| p||3. Since Rl 1 and (P—Q)"are
k—1

norm-preserving, the evolution equation
Pris1 = (P—=9Q)° (R;k/vljlp;—l,k)

preserves || - ||y and H(gk,plz,kﬂ) = H(gk,l,pgil,k).
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Discrete nonholonomic momentum map

@ Consider a Lie group G acting on Q.

@ Define, for each q € Q, the vector subspace g9 consisting of
those elements of g whose infinitesimal generators at q
satisfy the nonholonomic constraints, i.e.,

g9 ={&egléqlq) € Dq}.
We collect these in a bundle over Q denoted by g”.
@ Define the discrete nonholonomic momentum map
i Q x Q — (e7)
P (q—1, ax): g% — R
& +— (DaLla(dx—1,dx), &q(ax)) -

@ For any smooth section E of gD we have a function
(P&h)gi Q x Q — R, defined as

U3¢ (de-1, a1) = T3 (qw—1, o) <E(Qk)> :
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Discrete nonholonomic momentum map

Theorem

Assume that | g is G-invariant, and let £ be a smooth section of gP.
Then (Ir&h)g evolves according to the equation

Tz (ak, drr1) — T3z (A1, ax) =

<D2Ld(ri dw+1), (E(Qkﬂ) —E(%))Q (Qk+1)>

A horizontal symmetry is an element & € g such that
&alq) € Dy forall g € Q.

If Lq is G-invariant and & is a horizontal symmetry, then the proposed
nonholonomic integrator preserves (J3")¢.
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Nonholonomic version of the Stormer—Verlet method

@ On Q = R", consider the Lagrangian

1
L(q,q) = EqTMq—V(q)

and the constraints
n(g)g=0

where p(q) is a m x n matrix withrank p = m

@ Symmetric discretization:

h
Lalqx, qx+1) = EL (Qk,
1

=5n (dir1 — )" M (dis1 — dx)

2 (Vi@ + Viawi)

dr+1 — qk>

h
—L
h + <qk+1/

qk+1 — dx
2

h
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Nonholonomic version of the Stormer—Verlet method

Equations:

Qi1 — 29k + qr_1 = —h*M ! (Vq(Qk) + HT(qk)Xk)

Extension to the SHAKE method proposed by Ryckaert, Ciccotti
and Berendsen (1977), to the case of nonholonomic constraints,
which is a generalization of the classical Stormer—Verlet method
in presence of holonomic constraints. These equations also
appear in McLachlan and Perlmutter (2006).
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Nonholonomic version of the Stormer—Verlet method

@ Momenta:

(Pi_l,k + P[,kH) = M(dk+1 — dk—1)/2h

N =

Pr —
Pk+1/2 = M(di41 —qi)/h
@ Rewriting the equations in the previous slide we get
~ h T ~
Pict1/2 =Pk — 5 (Vq(qk) +u (qu\k) ,

dk+1 = dk + hM_1Pk+1/2,
0= p(qr)M py,
Pk+1 = M(qi42 — qx)/2h.
@ Replace last equation by an additional step of the algorithm:

- h ~
Pit1 = Pk+1/2 ~ 5 (Vq(qk+l) + MT(qk+1)7\k+1> ,
0 = p(drr1)M Pra.
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Nonholonomic version of the Stormer—Verlet method

@ We obtain

~ h ~
Pi+1/2 =Pk~ 5 (Vq(Qk) + HT(GIkV\k>

Qi1 = di + WM Py 0
0 = p(gr)M Py
~ h ~
Pt = P12~ 5 (Vq(Qk+1) + uT(Qk+1)7\k+1>
0= p(qr+1)M Priq

@ Extension of the RATTLE algorithm for holonomic systems
to the case of nonholonomic systems.

@ Natural constraint on initial conditions: 1t(qo)M~py = 0.
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Example: the snakeboard

e Q =SE(2) x T?
with coordinates

q = (X/y/e/ll’)/ q))‘

e Continuous Lagrangian:
1 1 IO .
Llg, a) = 5m(x* +9%) + S (] +211)6* + SJod? + 1 d?

m = total mass, ] = m. i. of the board, Jo = m. i. of the rotor, J; =
m. i. of each wheel axle.
o Constraints:

xsin(8 4+ ¢) —ycos(0 + &) + 10 cos(Pp) =
xsin(@ — ¢) —ycos(0 — ) — 0 cos(Pp) =
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Example: the snakeboard

@ Define the discrete Lagrangian

1
La(qk, qx+1) = f(m(AXi +AY2) + (] +2]1)A02

2h?
+ T + 211401 )

Here Azy = zp 11 — zx.

@ SE(2) x T2 is a Lie group.

o The Lagrangian is not bi-invariant (only left-invariant), so
preservation of energy is not guaranteed.
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Example: the snakeboard

@ Define the discrete Lagrangian

1
La(qk, qx+1) = f(m(AXi +AY2) + (] +2]1)A02

2h?
+ T + 211401 )

Here Azy = zp 11 — zx.
@ SE(2) x T2 is a Lie group.
@ The Lagrangian is not bi-invariant (only left-invariant), so
preservation of energy is not guaranteed.
But...
o Change the group structure from SE(2) to R? x S,
@ Then L and L4 are bi-invariant.

@ The numerical method itself does not depend on which
group structure one takes.

@ There is preservation of energy.
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Example: the snakeboard

Add controls on the right-hand side of the equations:
@ equal but opposite torques on the wheel axles;

@ torque on the rotor.

\\v/ﬁ\u/\hq
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Example: Chaplygin sleigh

e Q =SE(2)
a with coordinates
q=(xy,06).
‘ @ a = distance from contact

point to center of mass.
(x,y)

o Continuous Lagrangian:
1 . . . 1.
L=3m (58 — 2afxsin(6) + y? + 2a6y cos(8) + a292) 5167

@ Constraints:
xsin(0) —ycos(0) =0

@ Discrete Lagrangian:

Zy+1 — Zk Zy+1 + Zx
~wy — zZMmy —
h 2
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Example: Chaplygin sleigh

Comparison with correct trajectory
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Example: Chaplygin sleigh
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Error in R3 of the trajectories computed with our method
(dashed line) and DLA (solid).
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