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“...The problem for the more general class of non-holonomic
constraints is still open, as is the question of the correct
analogue of symplectic integration for non-holonomically
constrained Lagrangian systems...”.

McLachlan-Scovel:A survey of open problems in symplectic
integration
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Hamilton’s principle

Obtain numerical integrators from a discrete version
of variational Hamilton’s principle

Define the set C2(q0,q1; [t0, t1]) as the C2-curves σ : [t0, t1]→ Q

such q(t0) = q0 and q(t1) = q1.

q0

q1

q(t)

F : C2(q0,q1; [t0, t1]) −→ R

q(·) 7−→
∫t0
t1
L(t,q(t), q̇(t))dt

L lagrangian function L : R× TQ→ R.
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Hamilton’s principle =⇒ δ
∫t1
t0
L(t,q(t), q̇(t))dt = 0

d

dt

(
∂L

∂q̇i

)
−
∂L

∂qi
= 0, 1 6 i 6 n = dimQ
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Ld(q0,q1, t0, t1) ≈
∫t1

t0

L(t,q(t), q̇(t))dt

Ld(q0,q1,h) ≈
∫h

0
L(t,q(t), q̇(t))dt

For h fixed, Ld : Q×Q −→ R
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DISCRETE MECHANICS

Q n-dimensional differentiable manifold Ld : Q×Q −→ R
discrete lagrangian.

Action: S : QN+1 −→ R

S =

N−1∑
k=0

Ld(qk,qk+1)

Discrete Euler-Lagrange equations (DEL))

D1Ld(qk,qk+1) +D2Ld(qk−1,qk) = 0

⇓
FLd : Q×Q −→ Q×Q

(q0,q1) 7−→ (q1,q2)
Discrete flow
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Momentum preservation

Ld is G-invariant

Jd : Q×Q −→ g∗

〈Jd(x,y), ξ〉 = 〈D2Ld(x,y), ξQ(y)〉

〈D2Ld(qk−1,qk), ξQ(qk)〉 = 〈D2Ld(qk,qk+1), ξQ(qk+1)〉
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Symplecticity

F−Ld : Q×Q −→ T∗Q
(x,y) 7−→ (x, −D1Ld(x,y))

F+Ld : Q×Q −→ T∗Q
(x,y) 7−→ (y,D2Ld(x,y))

ωLd = (F±Ld)∗ωQ

The discrete flow preserves the symplectic form F∗Ld(ωLd) = ωLd
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VARIATIONAL INTEGRATORS

If the discrete Lagrangian is an approximation to a
continuous Lagrangian then the discrete system is
an numerical integrator for the continous system.

Symplectic
Momentum preserving

E. Hairer, C. Lubic and G. Wanner: Geometric Numerical
Integration, Structure-Preserving Algorithms for Ordinary
Differential Equations, Springer Series in Computational
Mathematics 31, Springer-Verlag Berlin Heidelberg, 2002.

J. E. Marsden and M. West: Discrete mechanics and variational
integrators, Acta Numerica 2001, 357-514.
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Reduction of mechanical systems: Euler-Poincaré
reduction.

Let G be a Lie group and let G act on itself by left translation
and hence, by tangent lift, on its tangent bundle TG. Let
L : TG→ R be a G-invariant Lagrangian.
Then, L is completely determined by its restriction to the
tangent space at the identity e. Identifying TeGwith the Lie
algebra g of G, we define l : g→ R.
The velocity of the system is given by ġ(t), thought of as a
tangent vector to G at g(t). The body velocity is defined by
ξ(t) = g(t)−1ġ(t), the left translation of ġ(t) to the identity.
Theorem (Euler-Poincaré reduction)
A curve g(t) in G satisfies the Euler-Lagrange equations for L iff
ξ(t) satisfies the Euler-Poincaré equations for l:

d

dt

∂l

∂ξ
= ad∗ξ

∂l

∂ξ
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Reduction of mechanical systems: Lagrange-Poincaré
reduction.

Assume Q is Riemannian (the metric often being the kinetic
energy metric) and that G acts on Q freely by isometries, so
Q→ Q/G is a principal bundle. If we declare the horizontal
spaces to be metric orthogonal to the group orbits, this
uniquely defines a connection called the mechanical
connection. The space Q/G is called shape space.

TQ/G � T(Q/G)⊕ g̃

If we have an invariant Lagrangian on TQ it induces a
Lagrangian l on (TQ)/G and hence on T(Q/G)⊕ g̃.

Reduced Euler-Lagrange equations
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L : TQ −→ R

L : g −→ R

L : (TQ)/G −→ R

IS IT POSSIBLE TO CONSTRUCT VARIATIONAL
INTEGRATORS FOR REDUCED SYSTEMS?

TQ Q×Q
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Mechanics on Lie groupoids

The pair or banal groupoid

Q×Q

α : Q×Q −→ Q ; (q,q ′) −→ q,
β : Q×Q −→ Q ; (q,q ′) −→ q ′,
ε : Q −→ Q×Q ; q −→ (q,q),
m : (Q×Q)2 −→ Q×Q ; (q,q ′), (q ′,q ′′) −→ (q,q ′′),
i : Q×Q −→ Q×Q ; (q,q ′) −→ (q ′,q).

The product manifold Q×Q⇒ Q is a Lie groupoid over Q.
If q is a point of Q, it follows that

Vε(q)α = {0q}× TqQ ⊆ TqQ× TqQ � T(q,q)(Q×Q).

Thus, the linear maps

Ψq : TqQ→ Vε(q)α, vq → (0q, vq),

induce an isomorphism (over the identity of Q).
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Lie groupoids
A groupoid over a setM is a set G together with the following
structure maps:

A pair of maps α : G→M, the source, and β : G→M, the target.
These maps define the set of composable pairs

G2 = {(g,h) ∈ G×G/β(g) = α(h)}.

A multiplicationm : G2 → G, to be denoted simply bym(g,h) = gh,
such that

α(gh) = α(g) and β(gh) = β(h).
g(hk) = (gh)k.

An identity section ε : M→ G such that

ε(α(g))g = g and gε(β(g)) = g.
An inversion map i : G→ G, to be denoted simply by i(g) = g−1, such
that

g−1g = ε(β(g)) and gg−1 = ε(α(g)).

The groupoid G⇒M is said to be a Lie groupoid if G andM
are manifolds and all the structure maps are differentiable with
α and β differentiable submersions.
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If x ∈M, α−1(x) (resp., β−1(x)) will be said the α-fiber (resp.,
the β-fiber) of x.

If g ∈ G then the left-translation by g ∈ G and the
right-translation by g are the diffeomorphisms

lg : α−1(β(g)) −→ α−1(α(g)), ; h −→ lg(h) = gh,
rg : β−1(α(g)) −→ β−1(β(g)), ; h −→ rg(h) = hg.

A vector field X̃ on G is said to be left-invariant (resp.,
right-invariant) if it is tangent to the fibers of α (resp., β) and
X̃(gh) = (Thlg)(X̃h) (resp., X̃(gh) = (Tgrh)(X̃(g)), for
(g,h) ∈ G2.
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Lie algebroid associated with G

We consider the vector bundle τ : AG→M, whose fiber at a
point x ∈M is

AxG = Vε(x)α = Ker(Tε(x)α)

It is easy to prove that there exists a bijection between the space
Γ(τ) an the set of left-invariant (resp., right-invariant) vector
fields on G. If X is a section of τ : AG→M, the corresponding
left-invariant (resp., right-invariant) vector field on Gwill be
denoted

←−
X (resp.,

−→
X ).

←−
X (g) = (Tε(β(g))lg)(X(β(g))),

−→
X (g) = (Tε(α(g))rg){X(α(g)) − (Tα(g)ε)((Tε(α(g))β)(X(α(g))))},
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Using the above facts, we may introduce a Lie algebroid
structure on AG:

←−−−
[[X, Y]] = [

←−
X ,
←−
Y ], ρ(X)(x) = (Tε(x)β)(X(x)),

for X, Y ∈ Γ(τ) and x ∈M.
Note that −−−→

[[X, Y]] = −[
−→
X ,
−→
Y ], [

−→
X ,
←−
Y ] = 0,

Given a section X of τ : AG −→M, then the corresponding left
and right-invariant representatives are related by the inversion
map:

Ti ◦
←−
X = −

−→
X ◦ i and Ti ◦

−→
X = −

←−
X ◦ i.
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Examples of Lie groupoids

1 Lie groups G.

α(g) = e, β(g) = e, ε(e) = e, i(g) = g−1, m(g,h) = gh

G g

2 The banal groupoid Q×Q.

α(x,y) = x, β(x,y) = y, ε(x) = (x, x), i(x,y) = (y, x)
m((x,y), (y, z)) = (x, z)

Q×Q TQ
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3 Atiyah or gauge groupoids. Let p : Q→M be a principal
G-bundle. Then, the free action,Φ : G×Q→ Q,
(g,q)→ Φ(g,q) = gq, of G on Q induces, in a natural way,
a free actionΦ×Φ : G× (Q×Q)→ Q×Q of G on Q×Q
given by (Φ×Φ)(g, (q,q ′)) = (gq,gq ′), for g ∈ G and
(q,q ′) ∈ Q×Q. Moreover, one may consider the quotient
manifold (Q×Q)/G and it admits a Lie groupoid
structure overMwith structural maps given by

α̃ : (Q×Q)/G −→M ; [(q,q ′)] −→ p(q),
β̃ : (Q×Q)/G −→M ; [(q,q ′)] −→ p(q ′),
ε̃ : M −→ (Q×Q)/G ; x −→ [(q,q)], if p(q) = x,
m̃ : ((Q×Q)/G)2 −→ (Q×Q)/G ; ([(q,q ′)], [(gq ′,q ′′)]) −→ [(gq,q ′′)],
ĩ : (Q×Q)/G −→ (Q×Q)/G ; [(q,q ′)] −→ [(q ′,q)].

This Lie groupoid is called the Atiyah (gauge) groupoid
associated with the principal G-bundle p : Q→M.

(Q×Q)/G (TQ)/G
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DISCRETE LAGRANGIAN MECHANICS

A discrete lagrangian is a function L : G −→ R.

CNg = {(g1, . . . ,gN) ∈ GN / (gk,gk+1) ∈ G2 for each k = 1, . . . ,N−1 and g1 . . .gn = g}

c(t) = (g1h1(t),h−1
1 (t)g2h2(t), . . . ,h−1

N−2(t)gN−1hN−1(t),h−1
N−1(t)gN)

where hk(t) ∈ α−1(β(gk)) and hk(0) = ε(β(gk)) for
k = 1, . . . ,N− 1.

T(g1 ,g2 ,...,gN)C
N
g ≡

{
(X1,X2, . . . ,XN−1))|Xk ∈ Axk

G and xk = β(gk), 1 6 k 6 N− 1
}

Discrete action sum
SL : CNg −→ R

(g1, . . . ,gN) 7−→
N∑
k=1

L(gk)
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Discrete Euler-Lagrange equations

[Discrete Hamilton’s principle]

An admissible sequence (g1, . . . ,gN) ∈ CNg is a so-
lution of the Lagrangian system determined by L :

G −→ R if and only if (g1, . . . ,gN) is a critical point
of SL.

d

dt

∣∣∣
t=0

SL(c(t)) =
d

dt

∣∣∣
t=0

{
L(g1h1(t)) + L(h−1

1 (t)g2h2(t))

+ . . . + L(h−1
N−2(t)gN−1hN−1(t)) + L(h−1

N−1(t)gN)
}

=

N−1∑
k=1

(
d(L ◦ lgk

)(xk)(Xk) + d(L ◦ rgk+1 ◦ i)(xk)(Xk)
)

Critical condition
0 =
←−
X k
∣∣
gk

(L) −
−→
X k
∣∣
gk+1

(L)
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J.C. Marrero, D. Martı́n de Diego, E. Martı́nez: Discrete
Lagrangian and Hamiltonian Mechanics on Lie groupoids,
Nonlinearity 2006.

We introduce two Poincaré-Cartan 1-sections Θ+
L and Θ−

L ,
and an unique Poincaré-Cartan 2-section,ΩL.
We study the discrete Lagrangian evolution operator
ξ : G −→ G and its preservation properties.
Reduction theory is established in terms of morphisms of
Lie groupoids.
The associated Hamiltonian formalism is developed using
the discrete Legendre transformations F+L : G→ A∗G and
F−L : G→ A∗G.
A complete characterization of the regularity of a
Lagrangian on a Lie groupoid is given in terms of the
symplecticity ofΩL.
We prove a Noether’s theorem for discrete Mechanics on
Lie groupoids.
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Example: Elroy’s beanie

This system is probably the more simple example of a
dynamical system with a non-Abelian Lie group symmetries. It
consists in two planar rigid bodies attached at their centers of
mass, moving freely in the plane.

Configuration space: The configuration space isQ = SE(2)× S1

with coordinates (x,y, θ,ψ), where the three first coordinates
describe the position and orientation of the center of mass of
the first body and the last one the relative orientation between
both bodies.

D. Martı́n de Diego – ICMAT (CSIC-UAM-UC3M-UCM)



Lagrangian function. We consider the Lagrangian

L(x,y, θ,ψ, ẋ, ẏ, θ̇, ψ̇) =
1
2
m(ẋ2+ẏ2)+

1
2
I1θ̇

2+
1
2
I2(θ̇+ψ̇)2−V(ψ)

wherem denotes the mass of the system and I1 and I2 are the
inertias of the first body and the second body, respectively;
additionally, we also consider a potential function of the form
V(ψ).

Symmetry. The symmetry group we consider is G = SE(2). The
Lagrangian L is SE(2)-invariant.
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Continuous system

lR : TQ/SE(2) −→ R

lR(ψ, ψ̇,Ω) =
1
2
m(Ω2

1 +Ω2
2)+

1
2
(I1 + I2)Ω

2
3 +

1
2
I1I2

I1 + I2
ψ̇2 −V(ψ)

Lagrange-Poincaré equations
Ω̇1 = Ω2Ω3 − I2

I1+I2
ψ̇Ω2

Ω̇2 = −Ω1Ω3 + I2
I1+I2

ψ̇Ω1

Ω̇3 = 0
I1I2
I1+I2

ψ̈ = −
∂V

∂ψ


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Discrete system
We introduce the discrete Lagrangian lRd on (Q×Q)/SE(2)
given by

lRd(ψk,ψk+1,Ω(1)k,Ω(2)k,Ω(3)k) =
1

2h2m
[
Ω2

(1)k +Ω2
(2)k

]
+
I1 + I2

h2

[
1 − cos(Ω(3)k)

]
+

1
2
I1I2

I1 + I2

(
∆ψk

h

)2

− V(
ψk +ψk+1

2
)

Discrete Lagrange-Poincaré equations

Ω(1)k+1 = Ω(1)k cos(Ω(3)k + I2
I1+I2

∆Ψk) −Ω(2)k sin(Ω(3)k + I2
I1+I2

∆Ψk)

Ω(2)k+1 = Ω(1)k sin(Ω(3)k + I2
I1+I2

∆Ψk) +Ω(2)k cos(Ω(3)k + I2
I1+I2

∆Ψk)

Ω(3)k+1 = Ω(3)k

I1I2

I1 + I2

ψk+2 − 2ψk+1 +ψk

h2 = −
1
2

(
∂V

∂ψ
(
ψk+2 +ψk+1

2
) +

∂V

∂ψ
(
ψk+1 +ψk

2
)

)
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Discrete generalized Holder’s principle

G⇒M a Lie groupoid; dimG = m+ n, dimM = m

α,β : G→M, ε : M→ G; i : G→ G, m : G2 → G

τ : AG→M ≡ the Lie algebroid of G
Generalized discrete nonholonomic (or constrained)
Lagrangian system

Ld : G→ R a regular discrete Lagrangian
The constraint distribution Dc
τDc

: Dc →M a vector subbundle of AG, rankDc = r

The discrete constraint embedded submanifold Mc

iMc
: Mc → G is a embedded submanifold of G

Assumption

dim Mc = dim Dc = m+ r, r 6 n

(Ld, Mc, Dc) ≡ a discrete nonholonomic Lagrangian system on G
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g ∈ G fixed

CNg = {(g1, . . . ,gN) ∈ GN/(gk,gk+1) ∈ G2, for k = 1, ..,N− 1 and g1 . . .gN = g}

T(g1 ,g2 ,..,gN)C
N
g ≡ {(v1, v2, . . . , vN−1) | vk ∈ (AG)xk

and xk = β(gk), 1 6 k 6 N− 1}

Discrete action sum

SLd : CNg −→ R (g1, . . . ,gN) 7−→
N∑
k=1

Ld(gk)

(Vc)(g1 ,...,gN) = {(v1, . . . , vN−1) ∈ T(g1 ,...,gN)C
N
g /∀k ∈ {1, . . . ,N− 1}, vk ∈ Dc}
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Discrete Hölder’s principle

Discrete Hölder’s principle
g ∈ Γ , (g1, . . . ,gN) ∈ CNg
(g1, . . . ,gN) is a solution of the discrete nonholonomic
Lagrangian system: (Ld, Mc, Dc) if

m

gk ∈Mc, ∀k ∈ {1, . . . ,N}

δSLd|(Vc)g1...,gN
= 0
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(g1, . . . ,gN) ∈ CNg

⇓
gk ∈Mc, ∀k ∈ {1, . . . ,N}

N−1∑
k=1

(do(Ld◦lgk)+d
o(Ld◦rgk+1◦i))(ε(β(gk))|(Dc)(β(gk)) = 0

β(gk) = α(gk+1) = xk
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Discrete Nonholonomic equations

N = 2, (g,h) ∈ Γ2, β(g) = α(h) = x

(g,h) is a solution

m

(g,h) ∈Mc ×Mc, do(Ld ◦ lg + Ld ◦ rh ◦ i)(ε(x))|(Dc)x = 0
Discrete nonholonomic Euler-Lagrange equations for the system
(Ld, Mc, Dc)

D. Iglesias, J.C. Marrero, D. Martin de Diego and E. Martinez:
Discrete Nonholonomic Lagrangian Systems on Lie Groupoids.
To appear in Journal of Nonlinear Science (2008).
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Alternative versions of the discrete nonholonomic E-L
equations

{Xα} a local basis of Γ(D0
c)

(g,h) ∈ G2, β(g) = α(h) = x ∈M

(g,h) is a solution of the discrete nonholonomic problem

m

(g,h) ∈Mc ×Mc

do
[
Ld ◦ lg + Ld ◦ rh ◦ i

]
(ε(x))(v) = λαX

α(x)(v),

λα ≡ the Lagrange multipliers
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Alternative versions of the discrete nonholonomic E-L
equations

{Xa} a local basis of sections in Γ(Dc)

(g,h) ∈Mc ×Mc, β(g) = α(h) = x ∈M

(g,h) is a solution of the discrete nonholonomic problem

0 =
←−
X a
∣∣
gk

(L) −
−→
X a
∣∣
gk+1

(L), ,∀a
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The standard case: G = Q×Q

Γ = Q×Q

(q0,q1) ∈Mc

((q0,q1), (q1,q2)) is a solution

m

(q1,q2) ∈Mc

D2Ld(q0,q1) +D1Ld(q1,q2) = λαA
α(q1)

Cortés, Martı́nez (2001)
McLachlan, Perlmuther(2006)
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Discrete nonholonomic equations on Lie groups, G

g1 ∈Mc

(g1,g2) ∈ G×G is a solution of the discrete nonholonomic
Euler-Lagrange equations for (Ld, Mc, Dc)

m

g−1
1 dLd(g1) − dLd(g2)g

−1
2 =

n−r∑
j=1

λjµj,

g1 ∈Mc

λj the Lagrange multipliers
{µj} a basis of D0

c

Notation: g,h ∈ G, αh ∈ T∗hG
gαh = (T∗ghlg−1)(αh) ∈ T∗ghG, αhg = (T∗hgrg−1)(αh) ∈ T∗hgG.

Federov, Zenkov (2005)
McLachLan, Perlmutter (2006)
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An example of a discrete nonoholonomic Lagrangian
systems on an Atiyah Lie groupoid.

”A (homogeneous) sphere of radius r > 0, massm and inertia about
any axis I rolls without sliding on a horizontal table which rotates
with constant angular velocityΩ about a vertical axis through one of
its points”

Configuration space

Q = R2 × SO(3), (x,y;R) ∈ Q

The Lagrangian function L : TQ→ R

L(x,y;R, ẋ, ẏ; Ṙ) =
1
2
m(ẋ2 + ẏ2) +

1
4
Itr(ṘRT (ṘRT )T )

The constrained submanifold M

M = {(x,y;R, ẋ, ẏ; Ṙ)/ ẋ+ r
2 tr(ṘR

TEL) = −Ωy

ẏ− r
2 tr(ṘR

TE1) = Ωx}

E1 =

 0 0 0
0 0 −1
0 1 0

 E2 =

 0 0 1
0 0 0

−1 0 0

 E3 =

 0 −1 0
1 0 0
0 0 0


the standard basis of so(3)
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The constrained system is SO(3)-invariant

⇓

(L ′, M ′) a constrained Lagrangian system on the corresponding
Atiyah algebroid

E ′ � TQ/SO(3)→ R2

The vector bundle E ′ = TQ/SO(3) � TR2 × so(3)→ R2

The anchor map ρ ′ : E ′ � TR2 × so(3)→ TR2 the projection over the
first factor
The Lie bracket on Sec(E ′)

[[s ′3, s ′4]]
′ = s ′5, [[s ′4, s ′5]]

′ = s ′3, [[s ′5, s ′3]]
′ = s ′4,

{s ′i}i=1,...,5 the canonical basis of Sec(E ′)

The reduced Lagrangian function:

L ′(x,y, ẋ, ẏ;w) =
1
2
m(ẋ2 + ẏ2) +

1
4
Itr(w2)

The reduced constraint submanifold

M ′ = {(x,y, ẋ, ẏ;w)/ẋ+
r

2
tr(wE2) = −Ωy, ẏ−

r

2
tr(wE1) = Ωx}
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Objective: To discretize the nonholonomic Lagrangian system
(L ′, M ′) on the Atiyah algebroid E ′ � TR2 × so(3)→ R2

The discrete Atiyah groupoid G ′ � R2 ×R2 × SO(3)⇒ R2

The discrete Lagrangian function Using an approximation of the
(local) inverse of the exponential map

exp : so(3)→ SO(3)

⇓

L ′d(x0,y0, x1,y1;W1) =
1
2
m[(

x1 − x0

h
)2+(

y1 − y0

h
)2]+

I

(2h)2 tr(W1)
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The discrete constraint submanifold M ′c

x1 − x0

h
+
r

2h
tr(W1E2) = −Ω

y1 + y0

2
,

y1 − y0

h
−
r

2h
tr(W1E1) = Ω

x1 + x0

2
,

The discrete constraint distribution

D ′c =< {s ′5, rs ′1 + s ′4, rs ′2 − s ′3} >
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The discrete constrained Euler-Lagrange equations for (L ′d, M ′c, D ′c)

x2 − 2x1 + x0

h2 +
IΩ

I+mr2
y2 − y0

2h
= 0

y2 − 2y1 + y0

h2 −
IΩ

I+mr2
x2 − x0

2h
= 0

tr ((W1 −W2)E3) = 0
x2 − x1

h
+
r

2h
tr(W2E2) +Ω

y2 + y1

2
= 0,

y2 − y1

h
−
r

2h
tr(W2E1) −Ω

x2 + x1

2
= 0

(x0,y0, x1,y1;W1) are known
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Figure: Orbits for the discrete nonholonomic equations of motion
(left) and a standard numerical method (right) (initial conditions
x0 = 0.99, y0 = 1, x1 = 1, y1 = 0.99 and h = 0.01 after 20000 steps).
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Other numerical integrator for nonholonomic systems

S. Ferraro, D. Iglesias, D. Martı́n de Diego: Momentum and
energy preserving integrators for nonholonomic dynamics,
arXiv:0709.1463v2

Admits an extension to Lie groupoids integrators!
Let G : AG×M AG→ R be a bundle metric on a Lie algebroid
(AG, [· , ·], ρ).
The class of systems that were considered is that of mechanical
systems with nonholonomic constraints determined by:

The Lagrangian function L:

L(a) =
1
2
G(a,a) − V(τ(a)), a ∈ AG,

with V a function onM.
The nonholonomic constraints determined by a subbundle
D of AG,
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Consider the orthogonal decomposition AG = D⊕D⊥, and the
associated orthogonal projectors

P : AG −→ D

Q : AG −→ D⊥

Given local coordinates (xi) in the base manifoldM and a local
basis of sections of AG (moving basis), {XA}, adapted to the
nonholonomic problem (L, D), in the sense that

(i) {XA} is an orthonormal basis with respect to G

(that is G(XA,XB) = δAB)
(ii) {XA} = {Xa,Xα} where D = span{Xa}, D⊥ = span{Xα}.

-�
�
��3

6

D

D⊥

�
�
�
�
�
�
���

�
�
�
�
�
��
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Denoting by (xi,yA) = (xi,ya,yα) the induced coordinates on

AG, the constraint equations determining D just read yA = 0.
Therefore we choose (xi,ya) as a set of coordinates on D.

D
� � iD //

τD

  A
AA

AA
AA

AA
AA

AA
AA

A AG

τ

~~||
||

||
||

||
||

||
||

M

In this coordinates we have the inclusion
iD : D −→ AG

(xi,ya) 7−→ (xi,ya, 0)

and the dual map

i∗D : A∗G −→ D∗

(xi,ya,yα) 7−→ (xi,ya)

where (xi,yA) are the induced coordinates on A∗G by the dual
basis of {XA}. D. Martı́n de Diego – ICMAT (CSIC-UAM-UC3M-UCM)



Moreover from the orthogonal decomposition we have that

P : AG −→ D

(xi,ya,yα) 7−→ (xi,ya)

and its dual map

P∗ : D∗ −→ A∗G
(xi,ya) 7−→ (xi,ya, 0)

Linear almost Poisson structures and Hamilton-Jacobi theory.
Applications to nonholonomic Mechanics. Manuel de León,
Juan Carlos Marrero, D. Martı́n de Diego, arXiv:0801.4358v1
[math-ph].
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Nonholonomic Integrator

Ld : G −→ R discretization of L.

0 =
←−
X a
∣∣
gk

(Ld) −
−→
X a
∣∣
gk+1

(Ld), ∀a

0 =
←−
Xα
∣∣
gk

(Ld) +
−→
Xα
∣∣
gk+1

(Ld),∀α

and more work in progress.........

D. Martı́n de Diego – ICMAT (CSIC-UAM-UC3M-UCM)



Nonholonomic Integrator

Ld : G −→ R discretization of L.

0 =
←−
X a
∣∣
gk

(Ld) −
−→
X a
∣∣
gk+1

(Ld), ∀a

0 =
←−
Xα
∣∣
gk

(Ld) +
−→
Xα
∣∣
gk+1

(Ld),∀α

and more work in progress.........

D. Martı́n de Diego – ICMAT (CSIC-UAM-UC3M-UCM)



Thank you very much for
your attention
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