UNIVALENT FUNCTIONS IN HARDY,
BERGMAN, BLOCH AND RELATED SPACES

FERNANDO PEREZ-GONZALEZ AND JOUNI RATTYA

Abstract

The aim of this paper is to show that univalent functions in several clas-
sical function spaces can be characterized by integral conditions involving
the maximum modulus function. For a suitable choice of parameters the
established condition or its appropriate variant reduces to a known char-
acterization of univalent functions in the Hardy or the weighted Bergman
space, and gives a new characterization of univalent functions in several
Mbobius invariant function spaces such as BMOA, @, or the Bloch space. It
is proved, for example, that univalent functions in the Dirichlet type space
Dﬁ 1, are the same as the univalent functions in Hj and S§ if p > 2. More-
over, it is shown that there is in a sense a much smaller Mobius invariant
subspace of the Bloch space than @, still containing all univalent Bloch
functions.

1. Introduction

The class U of univalent (analytic and one-to-one) functions in the unit disc has
been extensively studied in the mathematical literature since the beginning of
the last century. This study reflects the close connection between geometric and
analytic properties that coexist in the function theory. After the result of Prawitz
(1927), which implies that any univalent function belongs to the Hardy space H?
for all p < %, univalent functions in different spaces of analytic functions in the
unit disc have been characterized by several authors. The description of univalent
functions in the Hardy space HP follows by the works due to Prawitz (1927),
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Hardy and Littlewood (1932) and Pommerenke (1977), while univalent functions
in the weighted Bergman space A? were recently characterized by Baernstein,
Girela and Peldez (2004).

The aim of the present paper is to show that univalent functions in several
classical function spaces can be characterized by integral conditions involving the
maximum modulus function. For a suitable choice of parameters the established
condition or its appropriate variant reduces to a known characterization of uni-
valent functions in the Hardy or the weighted Bergman space, and gives a new
characterization of univalent functions in several Mébius invariant function spaces
such as BMOA, @, or the Bloch space.

Theorem 1 shows that the Dirichlet type space D}, and the spaces H? and
SP . introduced by Mateljevi¢ and Pavlovi¢ (1983), contain the same univalent
functions whenever 2 < p < oo and —2 < a < oo. This, combined with an earlier
result by Baernstein, Girela and Peldez (2004), yields Corollary 2 which states
that H? "U =Dy, NU =S, NU for all 0 < p < co.

Pommerenke (1977) proved that univalent Bloch functions belong to BMOA,
the space of analytic functions in the Hardy space H! with boundary values of
bounded mean oscillation. Aulaskari, Lappan, Xiao and Zhao (1997) improved
this result by showing that BNU = Q, NU for any 0 < p < 1. Theorem 4
gives several new characterizations of univalent functions in the Bloch space B.
It shows that there exists in a sense a much smaller M6bius invariant subspace of
the Bloch space than (), still containing all univalent Bloch functions. Therefore
Theorem 4 improves the result by Aulaskari et. al.

The results of this paper are introduced in Section 2 after necessary definitions
and a brief survey and several observations on the known results. In addition to
the results mentioned above, univalent functions in the Besov type and the a-
Bloch spaces are also studied. The results for the corresponding “little” spaces
are also given. Sections 3-9 contain the proofs of the results in chronological order.

2. Background and results

Let H(D) denote the algebra of all analytic functions in the unit disc D := {z :
|z| < 1}. For 0 < p < oo, the Hardy space H? consists of those f € H(D) for
which

£l = Tim My(r, f) < oo,

where
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are the standard LP-means of the restriction of f to the circle of radius r centered

at the origin, and
MOO(T7 f) ‘= nlax | ( 0)|

0<6<27

is the maximum modulus function. For the theory of Hardy spaces, see [11, 16, 21].
A function f € H(D) is said to be univalent if it is one-to-one. The class of all
univalent functions in D is denoted by U. For the theory of univalent functions,
see [12, 29, 31].
The following characterization of univalent functions in Hardy spaces is due
to Hardy and Littlewood [20], Pommerenke [27] and Prawitz [32].

Theorem A. Let 0 <p<ooand f € U. Then f € H? if and only if

/1 MP (r, f)dr < co.
0

Moreover, if 0 < p < 2, then f € H? if and only if

/ MPE(r, f')dr < oo.

In fact, fol M2 (r, f)dr < 7||f||%, for all f € H(D), see [7, p. 841] or [27,
Hilfssatz 1] for a proof. The opposite implication follows by Prawitz’s [32] result
which states that M2(r, f) < p [; M (p, f)?p~" dp for all f € U such that f(0) =
0, see [29, p. 127]. A proof of the second part of Theorem A can be found in [27].

For 0 < p < oo and —1 < a < 00, the weighted Bergman space A? consists of
those f € H(D) for which

11, = / PP - [2P)* dA(z) < oo,

where dA denotes the element of the Lebesgue area measure on . For the theory
of Bergman spaces, see [13, 19].

Univalent functions in weighted Bergman spaces have been recently character-
ized by Baernstein, Girela and Peldez [7] and Peldez [25].

Theorem B. Let 0 < p < oo, —1 <a <ooand f €U. Then f € AP if and only

' /01 r(1— p2)0 (/0 M (p, ) dp) dr < oo,

Moreover, if 0 < p < 2, then f € AP if and only if

/Olm —p2)e (/0 MP(p, f) dp) dr < .
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As usual, the Hardy space H? is identified with the limit space of the weighted
Bergman space AP as « — —17, and therefore the notation A” | := H? is adopted.
One reason to do so is that lim,_._y+ || f|| 4z = || f||a», see [46]. On the other hand,
a generalization of the Littlewood-Paley formula due to Stein states that

p _p2 p—2] p/ 2 1 p
”fHHP_E/D‘f(Z)‘ /(2] 10gmdz4(z)+|f(0)| : (2.1)

see [37], and also [36, 42]. An analogous formula for the weighted Bergman space
exists, namely

I = [1r@rrer (o) aa@ +iror, @2

see, for example, [35]. (Here and from now on the symbol ~ means that the
quantities in other sides of the symbol are comparable, that is, their quotient
is bounded and bounded away from zero. Moreover, the notation a < b means
that a < Cb for some positive constant C, independent of a and b, and a = b is
understood in an analogous manner.) In view of these facts it is natural to expect
that Theorem A is the limit case of Theorem B as o — —17. Of course, a = —1
can not be substituted in the statement of Theorem B since the singularities would
become too strong. However, an application of Fubini’s theorem yields

/Olr(l _ e (/0 M2 (p, f) dp> dr = /01 M2 (o, ) /plm ) drdp
~ s [ Ml =

and similarly

/01 r(1—7r?) (/OT M (p, f) dp) dr = ﬁ /01 MP(p, £)(1 = p?)** dp.

This shows that Theorem B indeed generalizes Theorem A for the weighted
Bergman spaces, and thus the following result holds.

Theorem C. Let 0 < p < o0, -1 < a < oo and f € U. Then f € AP if and
only if

1
’(f) :/ M2, (r, £)(1 — 12)°% dr < .
0
Moreover, if 0 < p < 2, then f € AP if and only if

- /1 ML (r, (1 —r?)* T dr < .
0
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The second part of the assertion in Theorem C is true in the case p = 1
and —1 < a < oo for all f € H(D). To see this, it suffices to observe that
1 1lag, 2= ([ llaz,, + 1F(O)] = KL (f) + | £(0)], where the first asymptotic equality
follows by the well-known result || f[laz =~ [[f"||az, + [f(0)] for all 0 < p < oo
and —1 < a < 00, and the second one is a simple consequence of the fact that
M?(r, f') is an increasing function of r.

Let A(0,r) :={z: |2/ <r}. For 0 < p < oo and —2 < a < 00, the spaces H?
and S? consist of those f € H(D) for which

11 = /Olr(l — 2t (/A(O’r) f'(2) 2| f(2)]P2 dA(z)) dr < oo

and

1 g
[l :_/0 r(1—r?)ett (/A(OT)|f’(z)|2dA(z)) dr < oo,

respectively. These spaces were introduced and studied by Mateljevi¢ and Pavlovié
[24]. Obviously, H2 = S2 for all —2 < o < 0o. Moreover, Fubini’s theorem shows
that

e = sy [ IFOR QP20 B2 aa), @3

and therefore H? = AP for all & > —1 by (2.1) and (2.2). In particular, H”, =
AP, = HP for all 0 < p < oo. The definition of S? is in a sense of geometric
nature since fA(O,r) |f/(2)|? dA(z) is the area of image of A(0,r) under f counting
multiplicities. It is known that the spaces H? and SE obey the strict inclusions

HE C S, 0<p<2,

and
SPC HP, 2 <p< oo, (2.4)

see [24]. Girela, Pavlovi¢ and Peldez proved the following result in [17].

Theorem D. Let 0 < p < 2, =2 < o < o0 and f € U. Then the following
assertions are equivalent:

(1) f e HE;
(2) fe St

(3) J&(f) < oo.
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For 0 < p < oo and —1 < 3 < o0, the Dirichlet type space DZ consists of
those f € H(D) for which ||fHD§ = ||f'||A§ < 00, and the true norm in Dj is

defined by || fllp; + |£(O)]

It is natural to ask how the Dirichlet type space Dg Lo is related to the spaces
H? and SP. An immediate observation is that (2.1) and (2.3) yield D} = H? =

H?,. Further, it is known that
DI CH, 0<p<2, (2.5)

and
H? C D, ,, 2<p<oo, (2.6)

and the inclusions are strict when p # 2. The inclusion (2.5) for 1 < p < 2 can
be proved by Riesz-Thorin interpolation theorem, and the case 0 < p < 1 has
been proved by Flett [15], an alternative proof by Vinogradov can be found in
[38]. The inclusion (2.6) follows by a classical result due to Littlewood and Paley
[22], see also the proof by Luecking [23]. An easy way to see that the inclusions
(2.5) and (2.6) are strict is to use functions with Hadamard gaps (lacunary series).
It is well known that if the power series representation ) -, axz™ of f satisfies
ngr1/nk > A > 1 for all k, then

o0 oo
feH & Z lax|?* < oo, feDy & Z |aPn? P! < oo, (2.7)
k=0 k=0

see, for example, [47, Chapter V in Vol. I] and [43, Theorem 5.5], respectively.
It is worth noticing that the proof of the inclusion (2.6) by Luecking can be
modified such that, in the setting of the space H?, it covers other values of o
than just @ = —1 which corresponds to the Hardy space HP. In the case of
real valued harmonic functions it yields the following result which deserves to be
stated separately.

Theorem E. Let 2 < p < 00, —00 < a < 0o such that p+ « > —1, and let u be

a real valued harmonic function on D. Then there exists a positive constant C,
depending only on p and «, such that

[ vu@ra -y aae) <€ [ P V)P (1 - ) dAc),
D D
The proof is based on the local estimate

1
[Vu(0)[P < 2%~ p(p — 1)/ |u(2)[P72|Vu(2)]* log — dA(2),
A(0,1) 2|2|
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see (2.4) in [23], which gives

Vu(w)P(1—|wl*) < / (o L) ()P 2H(Va) 0 9 (2) Pl (=) log o dA(2)

A0,3) E

when applied to the function u o ¢, where p,(z) = (w — 2)/(1 — wz) is the
automorphism of I which interchanges the origin and the point w € D. Now
by integrating this inequality with respect to (1 — |w|*)* dA(w) and following the
original proof, the assertion follows. The only extra fact needed is the asymptotic
equality (1 — |w|?) ~ (1 — |pw(2)]?) which holds when z belongs to a compact
subset of .

A detailed proof of the inclusion H? C D?

pias 2 < p < 00, is presented in
Section 3.3. This combined with (2.4) gives

SP Cc H? ¢ DY

pta» 2§p<OO

It remains open wether or not Dy, is contained in H? for 0 < p < 2 and

—2 < a < —1 such that p+ «a > —1. However, if f € U and 0 < p < 1, then
(5.2), Section 4.2 and Lemma I in Section 3.1 yield

15 < J0(F) S K&(f) S ||f||’{>g+a,
and thus D?

pia YU C HENU for 0 <p < 1.

Baernstein, Girela and Peldez proved the following result in [7]. It shows that
even if H? and D, , are different unless p = 2, univalent functions in H? are
precisely those in D} ;.

Theorem F. Let 0 < p < oo and f € U. Then f € H? if and only if f € D} _,,
and moreover,

£ ez = 1 fllpe, + LFO)F 2= T2 (f), 0 <p < oe.
Baernstein, Girela and Peldez pointed out that Theorem F' yields
uc () oo, (2.8)
0<p<%

which improves the known fact 4 C Ny, <%Hp by (2.5). However, similar appli-

cations as in [7, pp. 847-848] of results due to Feng and MacGregor [14] on the
growth of the integral means M,(r, f’) of univalent functions show that

uc () D

c(a)<p<1+%
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where ¢(a) := max{—(a+1), —2(a+1)}. This intersection is clearly smaller than
the one in (2.8). For example, the function Y5>, 27%2%" & > 0, belongs to Dy,
for all p > 0 since Y, 27P* converges, but it does not belong to DY, if o« < —1

and € < —aTTl since Y po, 27Pkek(@+D) clearly diverges, see (2.7).

The following result shows that univalent functions in D}, ,, H and S, are the
same when 2 < p < oo. Since H? = H”| and A? = H? =D}, , for —1 < a < oo,

it completes in part Theorems C, D and F, and thus Theorems A and B also.

Theorem 1. Let 2 < p < 00 and —2 < o < oo, and let f € U. Then the
following conditions are equivalent:

(1) f € Dpya
(2) f € HE;
(3) fesk

(4) J2(f) < 0.

Theorem 1 combined with Theorems D and F yields the following result.

Corollary 2. Let 0 < p < 00 and —2 < a < co. Then
HYNnU=5"NU,

and, in particular,
H'NU =5 NnU=D), NU.

Corollary 2 and the geometric interpretation of space S? implies that f € U
belongs to the weighted Bergman space A? = H?, —1 < « < o0, if and only if

/O (Areaf(A(0,r))% (1 — 12 dr < oo, (2.9)

in particular f € HP if and only if (2.9) with o = —1 is satisfied. Theorem C and
(2.9) show that if f € U, then My (r, f) and \/Areaf(A(0,r)) are of the same
growth measured in terms of LP((1 — r)**dr). For different results involving
geometric conditions and related to Hardy and weighted Bergman spaces, see
[7, 25].

In view of Theorem 1 and Corollary 2 it is natural to expect that the sets
of univalent functions in D}, H? and S?, would coincide also when 0 < p < 2
and —2 < a < —1 such that p + a« > —1. This, however, turns out to be

false. In order to see this, a couple of observations on the quantities J?(f) and
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KP(f) are made. The asymptotic inequality J2(f) < KP(f) follows by the fact
Moo (r, f) < mrM(r, f') 4+ | f(0)] which holds for all f € U by Section 4.2. On
the other hand, by Theorem C, the quantities J?(f) and K2(f) are comparable
if 0 <p<2and a> —1. In view of JE(f) < K2(f), this also follows directly by
using the (asymptotic) inequalities

T T d
| M as s <o [0
0 0

see [27, Theorem 4] and [29, p. 127]. However, the finiteness of J2(f) does not
necessarily imply the finiteness of K2(f) in the case —2 < a < —1. To see this, it
suffices to notice that Pommerenke has constructed a bounded univalent function
f with non-negative Taylor coefficients a,, such that a,, # O(n=%%%), see [28]. This
implies M (r, f') # O((1 — r)~%10), and therefore K2(f) does not remain finite
for a given 0 < p < 2 if « is chosen to be sufficiently close to —2, yet J2(f) is
clearly finite for any —2 < a < oco. Since K!(f) ~ 1fllpz,, for f € H(D), this
also shows that

H*NU ¢ Dy, -2<a<-184. (2.10)

For results on coefficient problems of univalent functions, see [6, 12, 18, 29].
The following result shows that univalent functions in D}, , can be character-
ized by the condition J?(f) < oo in certain special cases.

Theorem 3. Let 0 < p <1 and —% < «a < —1 such that p > —%(a +1), and
let f € U. Then the following conditions are equivalent:
(1) fe€Dpia;
(2) JE(f) < o0
(3) K&(f) < oo.
The mysterious fractional numbers % and % in the statement come from

Baernstein’s [6] result related to coefficient problems.

It remains open wether or not the condition K?(f) < oo characterizes univa-
lent functions in D%, , when 0 < p < 2. Clearly, | f HDha ~ K!(f), and moreover
Lemma I implies that one of the conditions f € D}, , and KZ(f) < oo always
implies the other.

The space Dgfz is the classical Besov space BP. Univalent functions in Besov
spaces have been characterized by Walsh [39], see also the related results by
Donaire, Girela and Vukoti¢ [10]. The following result due to Walsh is of geometric

nature.



10 FERNANDO PEREZ-GONZALEZ AND JOUNI RATTYA

Theorem G. Let 1 < p < oo and let ) be a simply connected proper subdomain
of the complex plane. Let f € U and f(D) = Q. Then f € BP? if and only if
Jo da(w)P~* dA(w) < oo, where dq(w) stands for the Euclidean distance from w
to the boundary of ).

We turn now to consider univalent Bloch functions. The Bloch space B consists
of those f € H(D) for which

I /lls = sup [ F(2)I(1 — [2[*) < o0.

For the theory of Bloch spaces, see the classical reference [1], and also [31, 45].

If  is a simply connected proper subdomain of the complex plane and f € U
such that f(D) = Q, then

da(f(2)) < |f' ()1 = [2]*) < dda(f(2)) (2.11)

for all z € D, see, for example, [31]. It follows that f € B if and only if
SUP,eqn do(w) < oco. In other words, f € B if and only if the image of D un-
der f does not contain arbitrarily large discs. This should be compared with
Theorem G.

Let the Green’s function of D with a logarithmic singularity at a € D be defined
by g(z,a) := —log |p.(2)|, where ¢, (z) = (a—2)/(1 —az) is the automorphism of
D which interchanges the origin and the point a. Recall that ¢, is its own inverse
and satisfies the well-known equalities

1 —al*)(1 - |2%)
11— az|?

1~ loa@)? = ()1 — |2?) = ¢

For 0 < p < oo and 0 < s < oo such that p + s > 1, the Mobius invariant Besov
type space BP consists of those f € H(ID) for which

1/ 15 = Sup/ [F(2)IP(1 = [2*)P7?g° (2, a) dA(z) < 0.
aeD JD

The space B? is the Q,-space, in particular, B> = BMOA, the space of analytic
functions in the Hardy space H' whose boundary values have bounded mean
oscillation on the unit circle. For the theory of Qs-spaces, see [40, 41]. For
1 < s < 00, the Besov type space B? coincides with the Bloch space and || f||g ~
| fllge, see [44]. Tt is also well know that

e 2 sup [ 17 = P70 = o)) dAG),
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and therefore the change of variable w = ¢,(2) yields

/1

(2.12)

s = suplf o galloy .

Theorem H, due to Aulaskari, Lappan, Xiao and Zhao [2] and Pommerenke
[30], shows that univalent Bloch functions belong to Qs for all s > 0.

Theorem H. Let 0 < s <1 and f € U. Then f € B if and only if f € Q).

It is worth noticing that Theorem F implies BMOA NU = Ny=oBY NU. This

is due to the facts || f||pmoa = supep [1f © va = f(a)||lnr and || f|[pr = supeep || f ©
gpa||D§_l, see [5] and (2.12), respectively. However, this observation does not yield
an improvement of Theorem H since the set N,~¢BY is in a sense much larger than
Ns=0Q@s. More precisely, it is known that Up<s<1Qs € Np=0BY, see [34, Section 2.2].

The following result gives several equivalent characterizations of univalent
functions in the Bloch space B.

Theorem 4. Let 0 < p < o0 and —2 < «a < o0, and let f € U. Then the
following assertions are equivalent:

(1) feB;

(2) Sup [f o wa — f(a)|luz < oo;

(3) sup||f o @allsz < oo;
a€D

(4) sup Jo(f o a — fla)) < oo

The statement of Theorem 4 should be interpreted as follows. If f is a univalent
Bloch function then the conditions (2) and (3) are satisfied for any 0 < p < oo
and any —2 < a < 00, no matter how large or small they are. Converse is true for
all f € H(D); if f satisfies one of the conditions (2) and (3) for some 0 < p < oo
and —2 < a < oo, then f is a Bloch function. To see this for the condition
(2), it suffices to observe that H? = AP for « > —1, and f € B if and only if
SUPgep || f © wa — f(a)|lar < co. For the proof of the fact (3) implies f € B, see
Section 5.4. It is not a surprise that the conditions (2) and (3) imply f € B. In
fact, Rubel and Timoney [33] have shown that if X is a“reasonable” subspace of
H(D) such that the map f — f o g, is uniformly bounded on X, then X must
be a subset of the Bloch space. Moreover, the condition (4) is always satisfied if
f € B, see Section 5.1.

Theorem 4 contains Theorem H as a special case since f € Qo1 if and only
if the condition (3) of Theorem 4 for p = 2 is satisfied. Moreover, the following
immediate consequence of Theorem 4 improves Theorem H.
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Corollary 5. Denote by SP the set of those f € H(D) for which the condition
(3) of Theorem 4 is satisfied. Then

Bnu= (1 SEnu.

p>0,a>—2

By Hélder’s inequality, || f o wallse S ||f o @allse for 0 < ¢ < p < oo, and
therefore SP C Qa4 for all 2 < p < 0o. Moreover, this inclusion is strict since the
function f(z) => 2, 2k(*27 =€) 2" where £ := 1 + ol — %) and p > 2, belongs to
Q244 for all @ > —2 but does not belong to S?, and thus does not satisfy (3), see
[4] and [24], respectively.

If g € U is zero-free and g(D) = €, then f :=logg € H(D) and (2.11) yields

da(g(2)) _ l9'()IA—12P) . 2y~ 4dal9(2))
< = [f(2)](1 — |2]?) < 4ZRIED 2.13
7] g O =40 21
Since da(g(z)) < |g(z)| it follows that f € B, and therefore Theorem 4 yields the
following result.

Corollary 6. If f € U is zero-free, then

log f € ﬂ Se.

p>0,0>—2

The next result is a consequence of Theorem 3 and it should be compared with
Theorem H. It shows that at least for some values of 0 < p < 2and -2 < a < —1,
univalent Bloch functions belong to the Besov type space By, . It seems difficult
to determine all the values of p and a for which BN = By, NU.

Theorem 7. Let 0 < p < 1 and —% < a < —1 such that p > —3%(a + 1), and

159
let f €U. Then f € B if and only if f € By_,.

The following consequence of Theorem 7 follows by the fact B? C B! for

0 < p < 1. Note that $5¢ ~ 0.497 < 3.

Corollary 8. Denote sj := %. Then

BniU = () BinU.

5$>80
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Since H*® C B and B! C D! ,, the assertion in Corollary 8 fails for sy < 0.16
by (2.10).

We now proceed to consider univalent functions in the little Bloch space. The
little Bloch space By is the closure of polynomials in the Bloch space and consists
of those f € H(D) for which |f'(2)|(1 —|2]*) — 0 as |z] — 1. By (2.11), f e U
belongs to By if and only if lim.|; do(f(2)) = 0. The following result is the
counterpart of Theorem 4 for the little Bloch space.

Theorem 9. Let 0 < p < o0 and —2 < «a < o0, and let f € U. Then the
following assertions are equivalent:

(1) f € Bo;

(2) Jim 1o o= fla)lm =0;

3 Jm_If o pullsy =0

(4) lim JE(f o @a — f(a)) =0.

la| =1~

The condition (3) of Theorem 9 for p = 2 is satisfied if and only if f € Qa214.0,
and therefore Theorem 9 improves the known fact By NU = Q5o NU for all
0 < s <1, see [2, 30]. Denote by S?  the set of those f € H(ID) for which the
condition (3) of Theorem 9 is satisfied. Then it follows that

p>0,00>—2

Moreover, the “little oh” counterpart of Corollary 6 states that if g € U is zero-free
and ¢g(D) = Q, then

logg € ﬂ Shoe <w)—>0, |w| — 0, o0,

p>0,a>—2 |

see (2.13).
The little Besov type space BY, consists of those f € H(ID) for which

lim / PP~ 2P 2 (2. a) dAGz) = 0,

la[—1~

It is known that BY, is a subspace of the little Bloch space and BY, = B, for
s > 1, see [44]. The following result is an immediate consequence of Theorem 3.
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Theorem 10. Let 0 < p < 1 and —% < a < —1 such that p > =38 (a + 1),

159
and let f € U. Then f € By if and only if f € By, .

It is worth pointing out that the nesting property of the spaces Bgo with
respect to p yields the following counterpart of Corollary 8:

157

BoﬂL{: ﬂ B;,Ov 80—%.

$>50

Finally, a couple of observations on a-Bloch spaces are made. The a-Bloch
space B consists of those f € H(D) for which |f'(2)|[(1 — |2z[*)* is uniformly
bounded in D. Since f € B* 1 < a < oo, if and only if M (r, f) = O((1 —r)7%)
as r — 17, it follows that U C B®. Denote by B, , the set of those f € H(ID) for
which

11112 = izlg/ﬂ)'f’@'p“ — |2[2)%P2¢% (2, a) dA(z) < oo

The space B, is a subspace of B, and Bf, = B for s > 1, see [44]. The fol-

lowing result shows that univalent a-Bloch functions belong to Bf, ; under certain
conditions on the parameters.

Theorem 11. If% — ﬁ <a<3,1<p<ooand0< s <1. Then the following

assertions are equivalent:
(1) fe B
@) M f)=0(()"), r—17;
(3) f € Bis
The deep content of this result is the implication (1) = (2) which is in fact [6,
Theorem 1]. It is clear that an analogous result for little a-Bloch space Bg (the

closure of polynomials in B%) can be established. In order to avoid unnecessary
repetition, the details are omitted.

3. Proof of Theorem 1

It will be shown that (1) = (4) = (3) = (2) = (1). Since (3) = (2) by (2.4),
it remains to prove the other three implications. Note that the only implication
which uses the property f € U is (4) = (3).
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3.1. Proof of (1) = (4)

Two different proofs for this implication will be given. The first one follows the
reasoning in [7, p. 849]. In order to do so the following variant of [11, Theorem 5.9],
to be found in [7, p. 841}, is needed.

Lemma I. Let 0 < p < ¢ < oo and f € H(ID). There exists a positive constant
C, depending only on p and q, such that

The first proof consists of three steps. First, Lemma I is applied in order
to estimate My (r, f) in terms of Mg,(r, f), where § > 1 is a suitably chosen
(possibly large) constant. The second step is an application of a Hardy-Littlewood
inequality which relates the growth of the integral means of f € H(D) with those
of its derivative. As the third step, Lemma I is applied again in order to estimate
Mg, (r, f') in terms of M,(r, f'). The proof goes as follows. Let 0 < p < oo and
—2 < a < oo such that p 4+ a > —1. Choose 3 > 1 sufficiently large such that
a+2—3"1>0. By Lemma I,

P (ltr
Mgy S,
R Sk

and it follows that

b f) 5/0 M2 (0. D)1 — o™= dp.

By [15, Theorems 6 and 7| (see also [11, Theorem 5.6]),

1
/Mgp(ﬂaf)(l— jrrr 1df’</ (1= p)* 7P dp 1 | F(O)P,
0

and since Lemma I yields

it follows that

1
P(f) < / M2(r ) (1 — 1) dr + |F(0)]?
~||fll+ IO

(3.1)
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An alternative proof can be constructed as follows. By [15, Theorems 6 and
7] and Fubini’s theorem,

/ ME.(r, f)(1 — rP e dr 4 | F(O)P
L/<1—4~pﬂ*</’wﬂ (0. dp) dr+ 11O
0
and since [ ME (s, f)ds < wMZE(r, f) for all f € H(D), the assertion follows.

3.2. Proof of (4) = (3)

Let 0 <p<ooand —2 < a < oo, and let f € U. Then

b p _
o [ irersertae < L 0l dA(w)
T JA0,r) T Jw| <Moo (r,f) (3 2)
Moo (r,f) ’
= [ e =),
0
in particular,
1
@R e < M) (3.3)
T JA(O,r)
Inequality (3.3) yields
1£I5 < 72 MP (1 =) dr = 72 J2(f).
sp = o

3.3. Proof of (2) = (1)

This implication is proved by following the reasoning in [23, pp. 890-891]. Let
2<p<ooand —2 < a < oo such that p+ «a > —1, and let f € H(D). Then, by
2.1),

FOF < (113 = 1FO)R) <A1k = 1O < £} - 1FO)

:3/u|pvmu%mmm

An application of this inequality to the function f(z/2) gives

3,

IMWSWW/waHWW%y—MU

INCES) 2|z|
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Replace now f by f o, to obtain

PPy <27 [ 17 o) ()1 o g A

1
— 9p—1,2 p—2| g/ 21 dA
g [ P o8 g dAG),

2

where D(w, ) := {2 : |¢w(2)| < 3} is a pseudohyperbolic disc. Integrating this
inequality with respect to (1 — |w|*)*dA(w) and applying Fubini’s theorem, it
follows that

Iy, <279 [ [P0 o8 g dAE) 0~ ) dA )

::2”*p2/gLf@0V‘ﬂfTvN2/;(”log§ﬁi%;ﬂ(1-—MUF>adA(W>dA(U)

But
1 11— Jof2)2re(1 - |22)e
lo—l—wzo‘dAw:/ lo dA(z
,AM B lpu(o)) T A = TR S e =)

S (1= Iv! 7y,

and therefore (2.3) yields || fllpz, < [[flmz-
It is worth noticing that A2 = Dg 1o for o > —1, and therefore the proof above

shows one of the asymptotic inequalities in (2.2).

4. Proof of Theorem 3
It will be shown that (1) = (3) = (2) = (1).
4.1. Proof of (1) = (3)

Let 0 <p<1and —2 < a < oo such that p+ «a > —1. By Lemma I,

Aﬁ@ﬁ@ﬁﬂ@(lgﬁf)u—m“%

and it follows that
! 1
s [ () a-erea

< [ M) 0 o= sl
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4.2. Proof of (3) = (2)

This implication holds for all 0 < p < 0co. Let 0 < p < 0o and —2 < a < 00, and
let f € U. The image of the circle of radius r centered at the origin under the
function f — f(0) is a Jordan curve with zero in its inner domain. The length of
this image is 27r M, (r, f'), and it follows that

Moo (r, f) < wrMy(r, f) + [ £(0)]- (4.1)
This yields J2(f) S K2(f) + | f(0)|P as desired.

4.3. Proof of (2) = (1)

This implication is proved by following step-by-step the corresponding proof in
[7]. Since the proof is rather lengthy and technical, yet almost identical with the
original one, the parts which differ from the original reasoning are indicated only.
By using the same notation as in [7, pp. 842-847|, the differences are as follows.
Let 0 < p<1and —i2 < o < —1 such that p > —3%(a + 1), and let f € U be

316 159
zero free such that f(0) = 1. First, replace equation (14) by

) ) 1 — p Bp—p+1
/A - |f’(re’9)|p(1 — )Pt dr < C27P MP(r) (1 ) (1 —r)>*t,
5(r N

-

Then (15) becomes

' ' 1—p Bp—p+1
AP < cotionzar) (722) T -,
A;(r) -r

where 0 < j < k(r). In (17), keep the notation v(p) = Sp+1—p+mn, but choose 7

such that v(p) +a+1 < 1. This can be done since 0 < p < 1 and —20 < o < —1

f 316
such that p > —31%(« + 1). Now (19) should be replaced by

. /1 p\ P
/A " |f’(7’ew)|p(1 — )Pt dr < CMP(r)2777 (1 p) (1 —r)>*tt,

—T

where 1 <7 < 1,0<j <k(r) and p = p(j, k), and the analogue of (20) is

Jar@pra-predae) = [ pepa- e i)

A(0,3)

+ / PP = 2P dAz)
+ / PP~ 2P dA(z).
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Clearly,
[ 1r@Pa - e da) < .
A0,3)
Inequality (23) should be replaced by

1
JIrera-preae < [ a-n e,
1
3
where the last integral converges since —0p + p+ a > —1 by the assumption
p > —38(a+1) (recall that § = 1 — z1=). It remains to consider the last term.
Following the proof further, replace (26) by

/ p pta p -pr " a+l
/A\f(z)] sy dA(s <CZ/M (1_r> (1= 1)+ dr,

and then (30) becomes

B v(p) s
/ MP(p ( ,0) (1—7")0”rl dr < C Z Mp(l—bm)b"”(”)/ (1—7")_7(”)“‘“ dr.
E

1—r

m=mg jm

Moreover, (31) becomes

1
/ I (2)P(1 — |2] )p+0c dA(z) < C Z MP(1 bm’y / (1 —7“)_7(7’)“‘0‘“ dr
4 1—bm

m=m

=C Z MP(1 —b™)p=o™.

On the other hand,

1—pmHt . pmla+2) T
MP(r)(1 —r)* dr > MP(1 —0" 11—
[ e - T (1)

b—am

a+2(

> MP(1—b™) 1—b27?),

and it follows that

/ [P =[P dA(z) < C/ MP(r)(1 — r)*+t dr.
A 0

A careful inspection on the original proof with the modifications presented here
shows that

£, + 1O S J2(f) (4.2)

for f € U under the assumptions 0 < p < 1 and —2% < o < —1 such that

316
p> —38(a+ 1). This finishes the proof.
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5. Proof of Theorem 4

The cases 0 < p < 2 and 2 < p < oo will be considered separately.

The case 0 < p < 2

It will be shown that (1) = (4) = (2) = (3) = (1). The only implication which
uses the univalence of f is (4) = (2).

5.1. Proof of (1) = (4)

Let f € B. An application of the inequality

1 1+7r
Myo(r,g) < \|9\|B§1og

0 eB
e, geB,

to the function g = f o p, — f(a) € B gives

1 147 1 147
— < —_ — = — . .
Mo(r, £ 0 0u — (@) < I 0 00— f(@)llszlog 1 = || fllszlog 1. (5.1
This yields
p p ! 1+7\" 2\ya+1
sup Jo(f o a — f(a)) S |1 fII log (1 =r")*" dr < oo.
a€D 0 1 —Tr
5.2. Proof of (4) = (2)
Inequality (3.2) yields
o2r (1 2
£ < 5 | M O =) dr = ZER2(), (5.2)
¢ 0

and the assertion follows by applying this inequality to the function fop, — f(a).

5.3. Proof of (2) = (3)

The proof of [24, Theorem 2| shows that || f||sz < || f]|zz and the assertion follows
by applying this asymptotic inequality to the function f o ¢, — f(a).
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5.4. Proof of (3) = (1)

Let 0 < p < oo and —2 < o < oo, and let f € H(D). Then, by the change of
variable w = ¢,(2) and the sub-mean-value property of |f|?,

|uowa—fww%::KfM1—r%M1(AmmumﬁuwﬁwuaﬁdAwogdr

D

2

r(1 — r?)ott "(w)|? dA(w dr
zé (1) (Amyu<ﬂ <0
z/:mrw%Mlmume1—mmf

~ (1f (@)1~ [a2)",

and it follows that f € B if (3) is satisfied.

The case 2 < p < c©

By the proof of Theorem 1 the conditions (2), (3) and (4) are equivalent. More-
over, (2) = (1) follows by (2.12), the asymptotic inequality ||f||17§+a S| fllze es-
tablished in Section 3.3 and the fact || f||s < || f|| 57, which holds forall 0 < p < oo
and —2 < a < co. The proof is completed by showing that (1) implies (4).

5.5. Proof of (1) = (4)
Let 0 < p < ooand —2 < a < 00, and let f € BNU. By (3.3) and (5.1),

2
o [ IUowo%@FdA@)SHﬂ%(bgl+r>, (5.3)
A(0,r)

acD I—r
and it follows that

p p ' L+7\" 2ya+1
sup [|f o o — fla)lle < |15 log— ) (1—=77)""dr < co.
a€eD 0 r

6. Proof of Theorem 7

This is a consequence of Theorem 4 and the proofs of Theorems 1 and 3. Namely,

by (2.12) and (3.1), sup,ep JE(f © pa — f(a)) S [ fllsz,,, and by (4.2), [|fllsz,, <
SUPuep JE(f o pa — f(a)). The assertion now follows by Theorem 4.
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7. Proof of Theorem 9

A careful observation on the proof of Theorem 4 shows that it suffices to show
the implications (1) = (3) and (1) = (4).

7.1. Proof of (1) = (3)

Let 0 < p < oo and —2 < a < 00, and let f € By NU. Inequality (5.3) implies

1 1 b
1f 0 0a— F@)y S 1113 / (1=r) (10% 1 H) o

%iARTO_JJV+1(Aw”Kfowa%aﬁdﬂﬁ)gdr
= Li(f) + L(f) ’

for all 0 < R < 1. Let £ > 0. Fix R such that I;(f) < 5. Then

D
2

L) < ( / IO dA(z)) |

and since f € By, it follows that for any given ¢; > 0 there is a R, € (0,1)
such that |f(0a(2))|(1 = |pa(2)|*) < &1 for all |z] < R when |a| > R.,. Therefore
there exists an Ry € (0,1) such that I,(f) < & for |a| > Ry, and it follows that
1f o wa— fla)llgy <P for [a] > Ry. Thus (3) is satisfied if f € ByNU.

7.2. Proof of (1) = (4)
Let f € By and € > 0. By the inequality (5.1) there is an R € (0, 1) such that

[ Mg = @)L - )t < (7.1)
R

for all @ € D. Moreover, by (4.1),
R R
| v fova— f@)a =) s [T MIG(fopa))1 - ) ar
0 0
R 27 p
< / . 10 . . 0\ 2 d ’
s [([ 1o - leep) ar

and it follows that there is an R. € (0,1) such that

2

for all |a| > R.. The inequalities (7.1) and (7.2) imply that (4) is satisfied if
f € By.

/0 M1 f o pu— f(@))(1 — ) dr < (7.2)
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8. Proof of Theorem 10

This is a consequence of Theorem 9 and the proofs of Theorems 1 and 3. Namely,
by (2.12) and (3.1), limjg—1- JE(f 0 va — f(a)) S limpg—1- [|f © @allpz, , and by
(4.2), limpg—1- [|f © @allpr, . < limygj1- JE(f © ¢a — f(a)). Since the change of
variable w = ¢,(z) shows that limyg 1~ [|fowalpr, = 0if and only if f € By, o0
the assertion follows by Theorem 9.

9. Proof of Theorem 11

The implication (1) = (2) is equivalent to [6, Theorem 1]. Moreover, (2) implies
(1) by Section 4.2, and it is known that (3) implies (1), see [44]. It remains to
show that (2) implies (3).

9.1. Proof of (2) = (3)

This can be done by using Carleson measures. For s > 0, a positive measure
poon D is said to be a bounded s-Carleson measure if p(S(I)) < |I]°, where
|I| denotes the arc length of a subarc I of the boundary of D and S(I) =

{z eD: Zel,1-|I< \z[} is the Carleson box based on I. These measures

||
(for s = 1) were introduced by Carleson [8, 9], see [26] for a list of relevant ref-
erences. To prove (2) implies (3), it suffices to consider the case p = 1 since
[ fllBz, S Ifllsy, forall 1 <p < oo. By [3, Lemma 2.1 | and the assumption (2),

s N

1 a— S
11, = s / P = 222 dA(2)
7 1 S(1)
1 1

< sup —— My(r, f)(1 —r)* 25 dr
r 1 S
1! 1
< sup —— (1—7r)tdr <=,
VAL oy 5

and it follows that f € B?,  if (3) is satisfied.
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